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Tema 1. OcHoBHBIE ajiredOpandecknie CTPYKTYPhbI

§1. MHoO>XKecTBa c ajJredpamvecKnMm OneparmsiMu

@ [TonsiTnHe MHOZKECTBA HPUHAJIEZKUT K OCHOBHBIM HTOHSTHAM COBDE-
MeHHOIT MaTeMaTHKu. ByjieM oHUMATD 110J1 MHOHCECTIEOM JTIOOYIO COBOKYII-
HOCTH OOBEKTOB. DTU 00bEKTHI OyIeM HA3bIBATD AEMEHMAMU JAHHOIO MHO-
xkecrBa. Ecmm a ecth sjemenT muOX)ectBa A, To mumyr a € A (a npu-
nadaesrcum mmoocecmey A). 3anuch a ¢ A o3HAYAET, UTO @ HE SBJISIETC
3j1eMeHTOM MHOXKecTBa A (a me npunadsesicum A).

J11s1 HEKOTOPBIX BayKHBIX MHOXKECTB IIPUHATHI CTAHIAPTHBIE 0003HAYe-
HUS:

N — MHOXKeCTBO BCex HATypPaJbHBIX YUCeI,

7, — MHOYKECTBO BCEX IEJIbIX JHCell,

Q — MHOYKeCTBO BCEX PAIMOHAJIBHBIX YUCEJ,

R — MHO)KeCTBO Beex JeHCTBUTEIHHBIX YUCET.

Ecyin MmuoxkectBo A BbIJIeJsieTCs HEKOTOPBIM CBONCTBOM &2, IPHUCY M
TOJIKO dJIeMeHTaM MHOxKecTBa, A, TO MHOKecTBO A yn00HO 3anuchbiBaTh B
BIHLJIE

A ={a | a ynosnersopsier X }.

Tak, eciim A — MHOKECTBO TeJIbIX Trce, aesstiuxcs #Ha 6, 1o A = {a | a =

= 6k, tie k € Z}.
MHOKeCTBO, COCTOSMIEE N3 KOHEUHOIO YUC/Ia 3JIEMEHTOB, MOKET ObITh
3aJlaHo HepeuncienueM sjnementos: A = {ay, as, ..., a;}. Ecm A — koneu-

HOe MHOYKECTBO, TO depe3 |A| Oyiem 0603HAYATH YUCI0 BCEX 9JIEMEHTOB MHO-
kecTBa A.

@ ITycmoe mmootcecmeo & — 3TO MHOXKECTBO, He coJeprKallee HII
OJTHOTO 3j1eMeHTa. FCIn KayKIblil 9J1eMeHT MHOXKeCTBa, A MPUHAIJIEZKUT MHO-
»KecTBY B, To ToBOpAT, 9T0 A ecTb nodmmoocecmeo MHoxKecTBa, B min A
cogep:xkurcad B B u mumyr A C B. J/Ia muoxkectBa A u B pashwi, ecin
ACBuBCA, e y HUX OJHI U T€ YK€ 9JIEMEHTBI.

[Tycts A u B — HemycTble MHOXKeCTBA. Jexapmoso npousdsedenue A X
X B 9TuX MHOXKECTB €CTb MHOXKECTBO BCEX YIOPSI0YeHHBbIX mnap (a,b), rjie

ac A be B, re.
Ax B={(a,b)|ac A, be B}.

Dnementsl (ai,bi), (az,b2) € A X B HasbBaoTCs paHviMu  (THITYT:
(a1,b1) = (a2, b2)), eciu a; = ag, by = by. JlekaproBo npoussejenne A X
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X A Ha3BIBAIOT dekapmosuim Keadpamom MHOKecTBa A 1 obosnadator A2

@ [Tycts A — mpou3BoOJIbHOE MHOXKECTBO. BunapHotl aszebpauieckor
onepayueti Ha A HasBIBAETCA MPOM3BOJILHOE oToOpazkenue f : A2 — A, Ko-
TOpoe J060I yropsagodennoit nape (a,b) € A% craBuT B COOTBETCTBHE OJIHO-
3HAYHO olpejiesienublii smement ¢ = f((a, b)) u3 muoxkecrsa A. Bunapnyio
omepalnio Ha A 1acTo 0003HAYAIOT KAKIM-IN00 CIEeNNAIbHBIM CHMBOJIOM: *,
o, -, + u Bmecto f((a,b)) = cmumyr a*xb=cwmwmaob=c, wma-b =,
win a + b = c¢. Onepannio - Ha3bIBAIOT NPOUGEICHUEM, & + CYMMOT. A.nzed-
pauneckot cucmemoti (A, *) GyleM Ha3bIBATH MHOXKECTBO A ¢ 3ajlaHHON Ha
HeM OMHAapHOI ajredpandecKoii onepaueii *.

@ Bunapnas anrebpandeckast olepalnst * Ha MHOXKecTBe A Ha3bIBa-
ercst accoyuamueHnol, ecan (a x b) x ¢ = a * (b * ¢) nias Beex a, b, ¢ € A.
Ecan ke mis mobeix a, b € A mmeer mecto a x b = b * a, To omneparus
* Ha3BbIBAETCSA KoMMymamusHot. Takne »kKe Ha3BaHUs IPUCBANBAIOTCS COOT-
BeTcTBYIOMIEH anrebpandeckoii cucreme (A, x). Tak, (N, +), (N,-), (Z,+),
(Z,+) — acconuaTuBHbIE 1 KOMMYTATHBHbBIE aJreOpandecKue CUCTEMBbL.

DiieMeHT n € A Ha3BIBAETCST HEUMPAALHYLM B aaredbpaniecKoii cu-
creme (A, *), eciit nxa = a*n = a s Beex a € A. B anrebpandeckoii
cucreme (A, x) He MoxKeT ObITH OOJiee OJIHOTO HefiTpaIbHOrO sjieMenTa. [Ipu
YMHOXKEHIN HeATPaJbHBII 9JIeMeHT HA3LIBAETCS €OUHUYHBIM, & TIPH CJIOKE-
HUE — HYAEBbLM INeMmeHmom, n obosHadaercss 1 nan 0, COOTBETCTBEHHO.

AccornmaTuBHast ajaredpandeckas CHCTEMa HA3BIBACTCS NOAY2PYNNod.
[Tosyrpymma ¢ HeATpaJbHBIM 3JIEMEHTOM Ha3bIBaeTCs MoHoudom. MoHou
(A, -, 1) HA3BIBAIOT MYALMUNAUKAMUSHbM MOHoudom, a Mouous (A, +,0)
— addumusHvIM.

@ DyiemeHT a MoHomja (A, *,n) HABBIBACTCS CUMMEMPUUHOIM DJTe-
meHTy b € A, ecim a x b = b * a = n. B MoHOUIE [/Is1 KA’KJI0I0 3JIEMEHTa
CYIIECTBYET He DoJiee OJHOrO CUMMETPUYHOIO dJIeMeHTa. B MyIbTuImKaTuB-
HOM MOHOW/JIE 3JIEMEHT, CHUMMETPUIHBIN 3JIEMEHTY @, HA3LIBAETCS 00PATHBIM
11 0003HAYAeTCA @ 1; 9JEMEHT @ B 3TOM CJydae Ha3LIBACTCH 0OPAMUMBIM.
B aginTuBHOM MOHOUJE 3JIEMEHT, CHMMETPUUIHBIH 3JIEMEHTY @, HA3bIBAETCsT
NPOMUBONOAONHCHLM T ODO3ZHATALTCST —a.

§2. I'pyrmbl

@ Omnpenenenne 2.1. Henycroe muoxkectBo G ¢ OuHapHOit ajiredbpa-
MYEeCKOil orepaliueil * Ha3bIBaeTCs 2pynnoti, €CJIi BbIOJIHAIOTCA CJIe/IyIONIe
YCJIOBUSI:
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1) omeparust * accoIaTUBHA,

2) B (G, %) cyiecTByeT HEHTPAJIbHBIN JIEMEHT;

3) JIst KaxKJI0ro 3jieMeHTa MHOKecTBa (G CyIIeCTBYeT CUMMETPUYHbIH
9JIEMEHNT.

FEcu anrebpandeckast cucrema (G, %) — TPyIIa, TO * HA3BIBAETCS
epynnoscoti onepayuet. B ciaydae KOMMYTATHBHOCTH I'DYIIIOBOIl onepanuu
IPYIIIY Ha3LIBAIOT abenesoll. ['pymia ¢ KOHEYHBIM YHCIOM 3JIEMEHTOB Ha-
3BIBACTCA KoHeunol 2pynnot. Iucsio s1eMenToB KoHeunoil rpymunbsl G Ha3bl-
BaeTCs nopadkom epynnuve 1 obozHadaercs |G|.

@ HanbGosee ymorpeburenbHbl MYJIbTUILITMKATHBHAS 1 & IATHBHASI
IPYIIILL.

Omnpenenenune 2.2. Hemnycroe muoxkectBo G ¢ GunapHoit ajredbpan-
YeCKOil oreparnneil yMHOKEHUST HA3bIBACTCS MYALTMUNAUKAMUESHOT 2pynnot,
€CJIN BBIIOJIHEHBI CJIeIYIOMINe YCIOBUSI:

1) omeparust yMHOXKEHHUsT accolmaTuBha, T.e. a - (b-¢) = (a - b) - ¢ g
mobbIX a, b, ¢ € G,

2) B (G, -) cymecTByeT eJIMHIIHBII 3/IeMeHT 1, T.e. TAKOii 9JIEMEHT, ITO
a-1=1-a=a 114 Bcex a € G;

3) Juist Kazkjoro sjiemenTa a € G cymectByer B G 0OpaTHBII 3j1eMeHT
a~!, T.e. Taxoii snement, uto ¢ -a ' =a" ' -a = 1.

Tax, Q7 u R¥ — mynprummkarusable abeaessl rpymmnl (QF = Q '\
\ {0}, R¥ = R\ {0}).

Omnpenenenune 2.3. Hemnycroe muoxkectBo G ¢ GunapHoit ajiredbpan-
YecKoi omepareil cja0KeHnsi Ha3biBaeTcss addumueHoti 2pynnoti, eCiu Bbl-
HOJIHEHBI CJIeIYIOIIIE YCIOBHA:

1) onepanus cyioxkenus: accorparusia, T.e. a + (b+c¢) = (a +b) + ¢
JUIst JI00bIX a, b, ¢ € G

2) B (G, +) cymecrByer HyseBoil sjiemerT 0, T.e. TAKOH 3JIEMEHT, ITO
a+0=04+a=a g Bcex a € G;

3) Jist Kaxkjioro syementa a € G cymectByeT B (G IPOTHBOIOIOZKHbIH
9JIEMEHT —@, T.€. TAKOW 3J1eMeHT, uTo a + (—a) = (—a) + a = 0.

Tak, Z, Q, R — agauruBHble abeieBbl IPYIIIILL.

Onpenenenne 2.4. [logmuoxkectBo H rpymnbl (G HA3BIBAETCS
nodepynnoti epynnor GG, ecin MHOYXKeCTBO H sIBJIsieTCsT I'PYIIIOi OTHOCUTE -
HO rpymmnoBoit onepannn B G. Ecim H — noarpymnmna rpymmbsl (G, TO IHIITYT
H <G,

Hanpumep, Q7 < R# ¢ rpymmosoit oneparmeit ymuozkenus; Z < Q <
< R ¢ rpynmnosoit oneparueil cioxkeHus.



§3. Kosbna 1 nx mpocreiiime cBoiicTBa

@ Onpenenenne 3.1. Koavbyom HA3BIBACTCA HEIIYCTOE MHOXKECTBO
K ¢ aByMsi OMHApPHBIMU aJIredpalIecKIMU OIEPAIIMSIMU CJIOXKEHHISI U YMHO-
JKeHnsd, KOTOpPbIe YAOBJIETBOPSIOT CJETYIONINM YCJIOBUSIM:

1) (K, +) — abeyeBa rpyIia;
2) (K,-) — nomyrpymra,;

3) omepaliu CBsi3aHbl 3aKOHAMNI JINCTPHOYTUBHOCTH (@ +b) ¢ = a-c+
+b-cuc-(a+b)=c-a+c-bnuuaseexa, b, c € K.

Cucrema (K, +) HasbiBaercst addumuerots 2pynnot xoavua, (K, -) —
MYALIMUNAUKAMUEHOT nosyepynnot koavya. Eciu (K, -) — MoHOM, TO IO
BopsIT, uT0 K — Koavyo ¢ edunuuets 1. Ecim (K, -) — KoMMyTaTHBHAST 110-
Jayrpyiia, To K Ha3bBalOT KommymamusHum kosvuom. Tak, Z, Q, R —
KOMMYTATUBHBIE KOJIbIIA C €IUHUIIEH.

@ [Ipocreiimue cBoiicTBa Kobla K .

1. lycte x1, w9, ..., 2, € K, n € N. Pegynbrar ciioxenust (yMHOKE-
HUST) 9JIEMEHTOB T1, 2, . . . , L, HE 3ABUCAT OT PACCTAHOBKHU CKOOOK, YKA3bIBA~
IOMUX MOPSAI0K JTEUCTBUIL.

DTO CBOICTBO II03BOJISIET BBECTH CJIE/IYIOIIe 0003HAUEHUs: T1 + Lo +
n

n
+.4x,=>x; wcxc .. xy =[] 2
i=1 i=1
2. Ompenenenne 3.2. Ilycto x € K. Ilpoussenenune g-x-...-x,
S e

n
rae n € N, oboznadaiorT " u Ha3BIBAIOT cmenenvlo aaemenma x. Cymmy
T+ + ...+ x 0003HaAYAIOT NI U HABLIBAIOT KPAMHIM IACMEHNA T .

n

st sobbix m, n € N, x € K crpaseymmBbl paBeHcTBa: '™ - &' =
=" (™) =2 mx+nx = (m+n)x; m(nz) = (mn)z.

3. [lycte x, y € K, n € N. Torga n(x + y) = nx + ny, a ecjiu KOJIbIO

K xommyTtarusao, 10 (2 - y)" = ™ - y".

4. Insg moboro x € K Bepubl paBenctBa - -0 =02 = 0.

5. Jly1g s1eMeHTOB KOJIbIIa BEPHO paBEHCTBO

nom m n
E E Tilj = E Lilj.
1

i=1 j=1 j=1 i=



§4. Ilosie u ero mpocreiitnme cBoiicTBa

@ Omnpenenenue 4.1. [lorem Ha3BIBAETCS HEIIYCTOE MHOXKECTBO P ¢
JIBYMsl OUHADHBIME AJIreOPANIECKIMU OTIEPAIUSMIL CJIOZKEHUST U yMHOYKEHUS,
KOTOPBIE YIOBJIETBOPSIIOT CJICIYIONIIM YCIOBHSIM:

1) (P, +) — abesieBa rpymia;

2) (P*#,.) — abenesa rpyma;

3) orepallii CBsi3aHbI 3aKOHOM JTUCTPHOyTHBHOCTH: (4+b)-¢ = a-c+b-c
JUId Beex a, b, ¢ € P.

Tak, Q u R — moss. Tlostem siBnistercst muozkectso P = {0, 1} ¢ orme-
PAIUSIMI  CJIOYKEHUsT U YMHOZKEHUs, 33 [aHHBIMU CJIeIyIOINMI Tab/IuIaMH,

|
KOTOPBIE 3aI0JTHSIIOTCsI IO TpaBuity — +(+) J=— [

+10 1 101
0(0]1 0100
11110 1101

@ [Ipocreiimue cBoiicTBa TOJIA.

1. [Toste comep:KuT He MeHee JBYX 9JIEMEHTOB, Tak Kak 1 # (.

2. Beskoe nosie siBisierca kosbiom. IosToMmy Bee cBoiicTBa KoJlel cupa-
BeJITUBLI U JIJI TIOJIEN.

3. Ompenenenne 4.2. Ecin x 1 y — HeHyJIeBbIe 3JIEMEHTBI KOJIbIa K
HO 1pousBejieHne x -y = 0, TO JIEMEHTbI T U Y HA3BIBAIOTCS JeAUMEAAMU
HYAA.

Jlemma 1. B noae nem deaumeneti nyas.

@ Bynem roBoputbh, 9To 10oje P UMeEeT HYAEEYI0 Tapaxmepucmury,
ecJii Bce KpaTHbIE eJMHHUIBI OTJINIHBI OT Hy/sd, T.e. ml = 14+ ...+ 1 # 0

m
s Becex m € N,

Tak, oy Q u R gBsgioTes mojassMu HyJI€BOM XapaKTEePUCTUKH.

Eciu B nosie P cyniecTBYIOT KpaTHbIE €JUHUIbI, OTJUIHbIE OT HYJId,
To P HazbIBaeTcsa noaem noaoscumenvrol rapaxmepucmury. HanMenbiiee
HATypaJIbHOE YnCI0 N co cBoiicTBoM nl = () HasbIBaeTCd xapaxkmepucmukol
noas P.

Jlemma 2. Xapaxmepucmuka noas ABAAEMCA NPOCTIBIM YUCAOM.

Tak, nome P = {0, 1}, paccMoTpeHHOe BbIllle, UMEET XapaKTepUCTU-
Ky 2.



Tema 2. OcHOBBI Teopun 4mnce.1

§1. Teopema o nesieHUM C OCTATKOM

@ Omnpenenenue 1.1. Ilycts a, b € Z. loopsar, aro b deaum a

(mumyT b | @) win 9To a deaumces wa b (mumyT ab), ecam cymecTByeT mesoe
GUCJIO ¢ TaKkoe, 9To a = b+ ¢. B 9ToM cityuae b HasbIBAIOT deaumenem Guca
@, 9UCJIO G — KpammoiM IUCIa, b.

I3 orpeie/ieHust JIeJIIMOCTH TIEJIBIX UUCEJT CJIEJIYET, ITO TUCII0 HYJIb JIe-
JIUTCsI Ha, JIF0OOE 1eJI0e TUCJIO, B TOM Yuc/ie i Ha Hy/ib. OIHAKO, HI OJIHO IeJ10e
GUCJI0, OTJIMIHOE OT HyJIs, Ha HyJIb He jeantces. OUeBHIHO, 9TO JII000e Tesioe
GUCJIO @ JEJUTCS Ha a, —a, 1, —1. DTu 4ducsa HA3bIBAIOT HECOOCTMEEHHBIMU
(Wt mpusuaabHLLMUY) TeuTessIMI ducta . OcTabHble TeTUTe TUCIa a,
€CJIN OHU €CTh, HA3BIBAIOTCS COOCMEEHHbIMU (WU HEMPUBUAALHBIMU).

Jlemma 1. Jlaa a06vix yeavix wucen a, b u ¢ cnpasedausvl caedyrouue
YMBEEPHCOEHUA:

1) ecaual|bub|c, moalc

2) ecau a | b, mo a | be;

3)ecavalbualc, moa|(b-k+c-m) daa amobvix yervs wuces k
um;

4) ecava | b ub+#0, molal <1b|

Teopema 1 (o gesennu ¢ octatkom). [lycmv a, b € Z u b # 0.
Cywecmeyrom u npumom eOUHCMEENHDIE YEAbE YUCAA ¢ U T MAKUe, 4mo
a=>bqg+r, 2de0<r <|bl. Yucro ¢ Hazvi6aom HETONHBIM JaCTHBIM, @ T
— OCTATKOM IpH JIeJIeHNN @ Ha b.

§2. Hambonpmmnii obimnii geanrenns. Aaropurm EBkiamaa

@ IIycrb aq, ao, . .., ap — Heable 4Yncia, He Bce paBHbIe HYJIIO. Beskoe
1[eJI0e YUCJIO d, KOTOPOoe JEeJNUT KaxKJI0e U3 9UCes ai, ds, . . . , A}, HA3bIBAETCSI
ux obwyum deaumenem. Tak Kak He Bce 4uCIa A1, ds, ..., 0 PABHBI HYJIO,

TO OHU MMEIOT JIMIIL KOHeYHOoe 4unc/io obmux jgeauresneii. Hanbosbimit cpe-
I OOIIUX JesuTesieil Ha3bIBAETCS HAUOOALULUM 00UUM desumenem TUCeT

ap, as, . . ., ap u obozuagaercs HO/(ay, as, . .., ag).
Ecan d2 = HOﬂ(al,ag), d3 = HOﬂ(dQ,CLg),. cy dk = HOZ[(dk_l,ak),
to HO/l(aq,as,...,a;) = di. Takum obpasom, 3amaua naxoxaenust HOJI

HECKOJIbKIX 9HCeJI CBOINTCs K 3ajade Haxoxkaennst HOJI nByx gmcer.
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@ s onpenenennst HOJL oueBugHbI cienyolie CBORCTBA:
1) HO/(0,0) ue cymecryer;
2) HOJI(0,a) = |a|, ecin a # 0;
3> HO,ZL(G, b) - HO,H(‘CL‘, ‘b|)>
4) ec b | a, o HO/I(a, b) = |b|.

CgoitcrBo 3) mossosister npu usydenun HO/l(a,b) paccmarpuBarh
TOJIBKO HEOTPHIAaTeIbHbIE UNCIa a U b.

Jlemma 1. Ecau a = bq + ¢ daa ueavixr wucen a, b, q, ¢ u d =
= HO/I(a, b), mo HOJ(b, c) = d.

@ Ilyctb a > b — noJsioxkuresbHble LeJible dncia. [1o Teopeme o nesre-
HUHU C OCTATKOM CYINECTBYIOT IieJible YiCja ¢ 1 r Takue, 9To a = bq + r, rie
0 <7 <b. ITo nemme 1 HO/I(a, b) = HOJI(b, r). Takum obpaszom, 3a1a1a Ha-
xoxiernst HOJI (a, b) cBogures x 3amade vaxoxaenust HO /I merbinx qncest
b u r. 1o npocroe HabJIIOIEHNE JIEKUT B OCHOBE OOIIEro MeTo/1a OTbICKAHIMS
HOJI aByx uncen, npemiozkennoro EBKINIOM 1 HA3BAHHOI'O B €10 YeCTb (-
2opummom FEexauda.

[Tycts a > b — nonoxxuTesabHbIe Heble uncia u b ne gennt a. [Ipume-
HSIST TEOPEMY O JIeJIEHUU ¢ OCTATKOM, HOJIYUNM PsiJl PABEHCTB

a = bgl + ry,
b=riqa+ 1o,
1 = T2q3 + T3, (*)

Tn—2 = Tn—14n + Tn,

T'n—1 = Tnqn+1,
rie

b>ry>reg>...>1r, 1 >1r, >0. ()

[lerouka paBeHCTB () HA3BIBACTCS aJropuTMOM EBK/IHIA /i duces a u b.
Beuy nepasencTs (x*) aaroput™ EBkima (%) 00s13aTeIbHO 3aKOHINTCS.
Cnenyromiast TeopeMa jaeT criocod Haxoxkaenuss HOJl nByx 1esbix
JHCET.
Teopema 1. Ilycmv a > b — noaoosicumenvrvie ueavie wucaa u b me
deaum a. Toeda HO(a,b) pasen nociednemy Henyie6omy ocmamry 6 ai-
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2opumme Fexauda.

[TpuBenem Baknoe coiicts HOJI nesbix dnce.

Teopema 2 (o suneitnom Bbhipakenun HO/JI yepe3 mcxo/HbIe
qucia). [lyemv a > b — nosooscumenvhvie ueavie wucaa. Cywecmeyrom
ueavie wucaa k u m maxue, wmo HOH(a,b) = a -k +b-m.

CaencrBue 1. [lycmov a ub — yeawve wucaa u d = HO(a, b). Ecau
t — obwut deaumenv wucen a ub, mot | d.

§3. BzanmHO 1mpocThie duciia

@ Ba 1esbIxX 4ncsia Ha3bIBAIOTCSA 63aUMHO MPOCTbLMU, €CJIN UX Hau-
OostbINUil 00Nl JleTuTe b paBeH 1.

Ouesnano, uro ecm d = HO/I(a, b), To uncna § u % B3aUMHO IIPOCTHI.

Kpurepunit B3anMHO# IPOCTOTHI JBYX IEJIBIX YHCEI JAeT CJIeIyIOIast

Jlemma 1. /Jlea uyeaviz wucaa a u b 63aummo npocmovt moz0a u mosvko
moeda, xo2da cywecmeyom uesvie wucaa k u m makue, wmo ak + bm = 1.

CBoiicTBa B3aMMHO IIPOCTBIX THCE.

Jlemma 2. Cnpasedausor cacdyrousue ymeeparcoerus:

1) ecau ueavie wucaa ay U Gy 63GUMHO NPOCTLL C YCADIM HUCAOM b, MO
UL NPOU3BEIEHUE A1Gs MAKIAHCE B3AUMHO NPOCMO € b;

2) ecau npoussedenue 06yr ueanxr wuces a u b deaumes ma yenoe
YUCAO € U HUCAG b U € 83aUMHO NPOCTIBL, MO A 0eAUMCA HA C;

3) ecau yeaoe wucao a JeAumcs Ha 83aUMHO NPOCMbe HuUcAa by U bs,
mo a deaumca u Ha ux npoussederue biby;

4) ecau KarcAoe U3 YeAbiT YUCEA A1, G, . - . , A B3AUMHO NPOCTNO € YUC-
Aom b, mo npoussedenue aias . . .ar 83aUMHO NPOCMO € YUCAOM b;

5) ecau Kancdoe U3 UEABT YUCEA G, . . . , A B3AUMHO NPOCTO C KAHC-
ovim u3 wucen by, ba, ..., by, mo uxr npousdsedenus aias . ..ar u biby...by,
63AUMHO NPOCTNDL;

6) ecau uyeavie wucaa a u b 63aumMHo NPOCMvL, MO OAA MOOBT HAMY-
pasvror wucea k un wucaa a¥ u b 63aummo npocme.

§4. IIpocThie ynciia m X CBOICTBA

@ HarypaJsibaoe [mnciio, 6osbiinee 1, HA3LIBACTCA NPOCBIM YUCAOM,
eCJIM OHO He MMEET JIPYTUX HaTypaJbHBIX JeJuTeseil KpoMme ceOst U e INHUTIBI.
Taxk, 2, 3, 5, 7, 11 — npocrtbie uncia. Harypaabable dmcsia, oTaudHbIe OT
1 m IpoCTBIX Ynces, HA3bIBAIOTCSI COCMaBHbLMU “ucsamu. CoCTaBHOE YNCIIO
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BCErIa MOYKHO IIPEJICTABUTH B BUJIE IIPOU3BEICHNUST ABYX HATYPAJbHBIX INCET,
OTJINYHBIX OT 1.
CBolicTBa MPOCTBIX YNCET.

Jlemma 1. Cnpasedausor cacdyrowgue ymeeprcoeHus:

1) scakoe namypaavroe wucao, omauvwnoe om 1, deaumcs no xpatinet
MePE 1A 00HO NPOCMOE YUCAO;

2) MHOIACECTNBO 6CET NPOCNBIT HUCEA DECKOHEUHO;

3) ecau yeaoe wuUcA0 M HE JCAUMCA HA NPOCTNOE YUCAO P, MO T U P
83AUMHO NPOCNDL,

4) ecau p1 u py — PA3AUMHDBIE NPOCTBIE YUCAG, O OHU B3AUMHO NPO-
cmol,

5) ecau npoudsedeHue HECKOALKUT HAMYPAALHOLT YUCEA OCAUMCA Ha
npPoOCMoe YucA0 P, Mo TOMA Obl 00UH U3 COMHOACUMENET DEAUMCA HA P.

§5. OcHoBHast TeopeMa apudpMeTnKI

@ Teopema 1. Beakxoe namypasvroe wucao, boavwee 1, aubo A6.a4-
EMCA NPOCMuILM, AUOO ModHcem Ovimb npedcmasieno 6 sude NpPou3sedeHus
NPOCNBLT YUCEA U NPUMOM COUHCTNEEHHBLM 00DA3OM.

@ ITo ocHOBHOIT Teopeme apuMETHKH BCAKOE HEHYJIEBOE 11E/10€ NC/I0
a # +1 MOYXKHO €JIMHCTBEHHBIM 00Pa30M MPEJCTABUTE B BUJE G = £P1 ... Dy,
ren € N, p;1 < ... < p, llpocTble unciia B TakoM pas3/ioXKEHUH MOTYT
HOBTOPATHCsA. [IycTh pocToe Yncsio p; BCTpevdaercs oy pas,. .., P — Qy pas,
rjie pi, ..., Pr — pasjumdHble npocthie yncia, k € N. Pazjioxkenne dncia a B
BIJIE

a==xp" ... pk,

e k € N, p; < ... < pp — HpOCTble YUCJIA, HA3bIBACTCI KAHOHUYECKUM
Pa3nodtceruem 1eJoro Iucsia a.

§6. HamMmenbniee obmiee KpaTHoe MeJIbIX YHCeJI U €ro
CBOICTBAa

@ Ilycts aq,as9,...,ar — Teable 4Yncaa, OTJUYHBIE OT HyJd. Bes-
KOe I[eJI0€ YUCI0, KPpaTHOe KaxKJIoMy a;, ¢ = 1,...,k, Ha3bIBaeTcsd uUX 00-
wum Kpamuvm. HanMeHbIee MOJOXKUTEIbHOE U3 OOIIMX KPATHBIX YHCEJ
ai, s, . . ., HASBIBAETCA UX HAUMEHLWUM 00UUM KPAGMHbLM T 0003HATAET-

cid HOK(al, ag, ..., ak).
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Ecim mo = HOK(al, GQ), ms = HOK(mQ, ag), e, My =
= HOK(my_1,ar), To HOK(ay, ..., ar) = my. Takum obpasom, 3aada Ha-
xozkaennss HOK HecKoIbKIX HEJIbIX YNUCesI CBOAUTCS K aHAJOIMYHON 3a/aue
Haxoxkteansgs HOK aByx mesbix dnce.

@ 13 onpepenenns HOK odeBumamb! crieyrommme cBoiicTBa:

1) HOK(aq, ag) He ompejeneHo, ecjin XoTst ObI OJHO U3 UHCEN 41, (2
PaBHO HY.JIIO;

2) HOK(a1, as) = HOK(|ay], |as]);

3) ecant ay | as, o HOK(ay, as) = |as|.

CeroitcrBo 2) mossossiter npu usydennn HOK(a,b) paccmarpuBarh
TOJILKO HaTypaJIbHble YUCTa @, b.

Teopema 1. Ecaua ub — namypasvnvie wucaa, mo a-b = HOJ(a, b)-
-HOK(a, b).

Ecin B KaHOHIYECKOM Pa3/IoyKeHUN JHCJIa JOIMYCTUTH CYIIECTBOBAHIE
IIPOCTOr0 YNC/Ia C HYJIEBBIM IIOKA3aTeIeM, TO HETPYIHO JTOKA3aTh CJIeAYIOIee
yTBEpK IEHIE.

Teopema 2. Ilycmo ay,...,ar — UeAble YUCAA, OTMAUNHDIE O HYAA,

aq, Q2 (o 7%

ay = E£p;'py° ... pp",
as = :I:pflpgz... B

ap = +p'py* ... .pIr
— ur Kanonuueckue pazaodicenus. Tozda
HOI = (ay,...,a;) = pi\lpé\Q L
ede \i = minf{w;, B;,...,vit, i=1,...,n, a
HOK(ay, ..., a,) = p'ph> ... phm

ede 1; = max{ag, Bi, ..., v}, i =1,...,n.

§7. CpaBHeHNd M UX CBOICTBA

@ [Tycts m — dpukcupoBanHoe HATYypaIbHOE YUCTO0, @ U b — TPOm3-
BOJIbHBIE IeJIble duca. [0BOPST, YTO YUCI0 a4 cpashumo ¢ b no modyaro m,

u iyt @ = b (mod m), ecom (a — b) i m.
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Teopema 1. Jlsa uesvix wucsa a u b cpasrumv, no modyso m mozda
u MoAvko moeda, Koeda a u b umerom o0dunarosvle 0OCMaMKEU NPU JeAeHUU
Ha m.

@ CpoiicTBa cpaBHEHHIT, He CBSI3aHHDBIE C MOJLYJIEM.

3 Teopembl 1 Jierko ciemyer

Jlemma 1. Ilycmv m € N, a, b, ¢ € Z. Cnpasedaiuso. caedyroujue
YMEEPHCOEHUA:

1) a=a (mod m);

2) ecaua =b (mod m), mob=a (mod m);

3) ecau a =b (mod m), b =c¢ (mod m), moa=c (mod m).

Baxknble cBoiicTBa mgaer

Jlemma 2. Cpasnerus no odwomy u momy oice MOOYAIO MOHCHO
NOYNEHHO CKAGODIBAMD, BLIYUMAMY U YMHOHCAMD.

13 temMbl 2 citeryeT psiji HOBBIX CBONCTB CpaBHEHUIA.

Jlemma 3. Ilyemv m € N, a, b, ¢ € Z. Cnpasedaiuso. caedyroujue
ymeepotcoenun:

1) ecau a =b (mod m), mo a" =" (mod m) daa awbozo n € N;

2) ecaua =b (mod m), moa+c = b+c (mod m), ac = be (mod m);

3) ecaua+c=b (mod m), moa=b—c (modm).

@ CpoiicTBa cpaBHEHHIT, CBA3aHHBIE C MOJIYJIEM.

Jlemma 4. Ilyemv m € N, a, b, ¢ € Z. Ecau ac = bc (mod m) u
d = HO/l(c,m), moa=0b (mod 7).

IIpu d = ¢ n3 nemmbl 4 osrydaeMm

CnencrBue 1. Obe wacmu cpasHeHUus U MOOJYAL MOHCHO PA3IEAUMD
Ha 100070 uUT HAMYPALLHBLIT 00Ul deAumens.

[Ipu d = 1 3 emmbl 4 o TyanM

CraencrBue 2. Obe wacmu CpasHEHUS MOAHCHO Pa3desumsv Ha UT 00-
Wuli deaumens, ecau oH 83aUMHO NPOCM, ¢ MOOYLEM.

§8. KosbIio KJIacCOB BBIYETOB

@ Jlemma 1. ITycmv m € N. Kaowcdoe uenoe wucao cpasrumo no
MOOYAI0 M MOouHO ¢ odHum u3 wuces pada 0,1,....,m — 1, a umenno, c
0CTNAMKOM 0M 0eAEHUS IMO20 YUCAA HA M.

[Tycts m — marypaJsbHoe dncio. Bee mesble dmcesia 1o OTHOIIEHHIIO
K 17 MOYKHO Pa30UTh Ha 1M KJIACCOB, €CJIM OTHECTH K OJHOMY KJIACCy UnCIa,
JAoIIre OAMH U TOT Ke OCTaTOK Ipu jejaeHunn Ha m. Ilo semme 1 xaxkigoe
IeJI0€ YHCJIO IONaJeT TOYHO B OJMH TaKoil Kjacc. DTH KJacChl HA3LIBAIOT
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KAGCCAMU 8biHemo8 no Mody.ao m. Kiracc BBIYETOB 110 MOJLYJIIO M, COJePrKar-
U 9UCJIO a, 0O03HAUNM a.

[To Teopeme 1 u3 §7 Kj1acc BBIYETOB COCTOUT U3 HEJIbIX UNCE], CDABHU-
MBIX MEZKJLy CODOI 110 MOJIY/IIO M. B CBS3M ¢ 9TUM PaBEHCTBO KJIACCOB G = b
paBHOCHJIbHO cpaBHeHnio a = b (mod m). Tak Kak ocTaTKu pH JeJICHUH
IeJIBIX 4nces Ha m ecTh uncia paia 0,1,...,m — 1, To Kracchl BHIYETOB
110 MOJLYJIIO M, yj00Hee 3anucbiBaTh B Buje 0,1, ..., m — 1. MuoxkecTBo Beex
KJIACCOB BBIYETOB 110 MOJIYJ/IIO M IIPUHSTO 0003HAYATH CUMBOJIOM Zyy,, T.€.

Zy =40,1,...,m —1}.

@ Onpenennm Ha Z,, C/I0XKeHNe I YMHOXKEHIE KJIACCOB BbIUETOB CJIe-

JIYIOIIAM 00pa30M:
a+b=a+b,  a-b=ab (%)

Teopema 1. IIycmv m € N. Mwuoowcecmeo Z,, xkaaccos 6vi4emos no
MOOYAI0 M, € ONEPAYUAMU CAONHCEHUA U YMHONCEHUA (%) ABAACTNCA KOMMY-
MAMUSHBM KOALUOM € edunuerl.

Kosb1io Z,, Ha3bIBAIOT KOALUOM KAGCCOE BHIYEMOE NO MOOYAI M.

@ CocraBuM TaOJIUIBI CJIOYKEHUST U YMHOYKEHUsT /I KOJiblla Zy. Tax

kak Zy = {0,1,2,3}, 1o

+10|1(2|3 0[1/2(3
0/0/1|2/3 0/0[0]0]|0
1/1(2(3]0 1{0/1(2]3
2121301 2(0/12(0|2
3(3[0]1]2 3101321

Ha nepecevenun ¢cTpokn @ 1 cTosI61a b B TabIuIax CToAT cyMMa @ + b
11 IPOU3BEJIEHNE G - b KJIACCOB BBIYETOB.

O6paruM BHEMaHMe Ha TO, uTo 2 - 2 = 0, T. €. B KoJblie Z4 UMEIOTCS
JIeJIUTEIN HYJIsA, & 3HAYHUT, Z,4 He SIBJIsIeTCs oJ1eM. Bo3HUKaeT BOIIPOC: MOYKeT
JIA KOJIBIO Ziy, OBITH 1IOJIEM U IPU KAKUX YCJIOBUAX !

@ Jlemma 2. Daemenm @ koavua Ly, umeem 6 Ly, obpammvill sne-
MEHM, M020a U MOALKO Mo20a, k0204 YUCAL A U M, 63AUMMHO NPOCTIbL.

Citenyonasi TeopeMa JgaeT OTBET Ha BOIIPOC, IOCTABIEHHBII BBIIIIE.

Teopema 2. Koavuo xaaccos 6viiemos Ly, ABAAECMCA NOAEM M020a
U MoAvKo moeda, Ko2da M — NPOCMOE YUCAO.
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§9. ®yaKIUsa Jitjaepa

@ Qynryusa isepa @(n) onpeenena Ha MHoxkecTBe N Bcex HATy-
paJIbHBIX 4HCEe U IpejcTaBisieT coboit uuciao dmcen paga 0,1,...,n — 1,
B3aMMHO IIPOCTBLIX C YUCJIOM 7.

Hanpmvep, (1) = 1, ¢(2) = 1, ¢(3) = 2, p(4) = 2, p(5) = 4,
p(6) = 2.

Jlemma 1. Ecaun € N u p — npocmoe wucao, mo p(p™) = p" —
_ pn—l'
CaencrBue. Ecau p — npocmoe wucao, mo o(p) =p — 1.
Oyuxiua Ditiepa ob1a5aeT c60tUCmeoM MYALTNUNAUKAMUCHOCTL: €C-
JIM HATYpaJbHble "ncia a 1 b B3anmuo mpoctel, 10 @(ab) = p(a)p(b). D1o
CBOIICTBO IIO3BOJIAET IOJIYYUTH NPABUIO BBIYUC/ACHUSI 3HAYCHUN QyHKIMN
Diisiepa.

Teopema 1. Ecau a = pi'py*...pp" — wanonuveckoe pasnosicenue
HAMYPAALHOL0 YUCAA G4, MO

p(a) = (P — pP (P> —p5> ™) L (P — pirh)

=202 2)

@ O 110 13 npusoykeHuit GyHKIWN Ditaepa, BayKHOE JIJI TEOPUU CPAB-
HeHuit, j1aer

Teopema Ditstepa. Ecau a u m — 63aUMHO NPOCMbIE HAMYPAAOHHIE
wucaa, mo a?™ =1 (mod m).

CaencrBue (teopema ®Pepma). Ecau a — HAMYpasvbHoe “ucao, P
— npocmoe wucao, mo a’ = a (mod p).

usU

Tema 3. KoMIljieKCcHBbIE 4YncJia

§1. IlocTpoenue 1moJjiss KOMILJIEKCHBIX YHCeJ

@ P&CCMOTpI/IM MHO2KECTBO YIIOPAAOYCHHBIX I1ap ,ZLGIZCTBI/ITGHI)HI)IX qu-
ceJl

C ={(a,b) | a,b € R}.

[Tapsr (a,b) u (¢, d) caurarores paswumy (numyT (a,b) = (¢, d)), eciin a = ¢
nb=d.
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Beenem na muoxkectBe C omeparnnio CJIOKeHUsT
(a,b) + (¢,d) = (a+ ¢, b+ d).
Jlemma 1. Mnoowcecmso C — addumusran abesesa epynna.

@ Omnepanuio ymMHOKeHusi Ha MuoxkectBe C BBejieM cJeayommumM 0o-
pazomM:

(a,b) - (¢c,d) = (ac — bd, ad + be).

Jlemma 2. Mnootcecmso C* = C\ {(0,0)} — myavmuniuxamusnas
abensesa 2pynna.
Jlemma 3. /s snemenmos mrootcecmea C suinoananomes 3axomoy
ducmpubymusnocmu, m. e. oaa aooux (a,b), (c,d), (f,h) € C cnpasedau-
6bl PABEHCTNBG

((a,0) + (¢, d))(f, h) = (a,b)(f, h) + (c.d)(f, h)

u
(f,h)((a,b) + (e, d)) = (f, h)(a,b) + (f, h)(c,d).
Uz nemm 1, 2 u 3 caenyer
Teopema 1. Mroorcecmso C ¢ onepayuimu cA0oHceHUs U YMHONCEHUA
nap

(a,b) + (¢,d) = (a + ¢,b+d),
(a,b) - (c,d) = (ac — bd, ad + be)

ABNAENCA NONEM.
[Toctpoennoe nosie C HA3BIBAIOT NOAEM KOMNAEKCHOIT “UCEN, & AP
(a,b) € C, — KOMILIEKCHBIMU YUC/IAMIL.

§2. KommiekcHble uncja B ajqredpamdeckoii popme

@ Tax kax mapsl (a,0) u3 nosst C, a € R, ckaagbBarOTCsS U YMHO-
JKAIOTCST KaK JIefiCTBUTEIbHBIE Ynca, To mookuM (a,0) = a. Ilapy (0,1)
00O3HAUNM Yepe3 i U Ha30BeM MHuMmol edunuyel. Fe ocHOBHOE CBOHCTBO:
i = —1. Herpyano nposeputb, uro napa (0,b) = (b,0) - (0,1) = bi aua
moboro b € R.

B rakux obosnauenusx Joboe KomiuiekcHoe uucio (a,b) = (a,0) +
+ (0,b) = a + bi. Bammch KomiiekcHoro uncia (a,b) B Bume a + bi Oymem
HA3BbIBATH €10 aszebpauyeckols gopmot. Hucao a HaswBaOT deticmeumens-

HOT 4acmvlo KOMILIEKCHOTO YHUcaa 2z = a + bt, a bi — ero muumoti wacmovio.
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KowmruiekcHoe qucsio z = bi Ha3bIBAIOT YUCTNO MHUMBM KOMNAEKCHHIM HUC-
SNOM.
@ Takum 0OpaszoM, 1MoJjie KOMILJIEKCHBIX YHUCeJT

C={a+bi|labeR, i*=—1}.

CorytacHo ¢ jeficTBUSIME HaJi KOMILIEKCHBIMU YUCJIaAME B BUJE IIap OLPEeJIe-
JISTIOTCSL 1 JIefiCTBUST HaJl KOMILICKCHBIMU YUCJIAMU B ajredpandeckoit (hopme:
st m00bIX unces 21 = a + bi u 29 = ¢ + di:

2.1) z1 =z, ecima=cub=d;

22) z1+ 2= (a+c)+ (b+ d)i;

2.3) 21 - 22 = (ac — bd) + (ad + bc)i.

HeTpyino 3aMeTUTD, 9TO jiJisl BEIYUCICHUST IPOU3BEICHI 2] -+ Z9 HAJO
IePEeMHOZKHITD UX KaK JIBYWJICHBI, 3aMEHNTH {2 Ha —1 U BBLICJUTH JeilCTBH-
TeJILHYIO ¥ MHUMYIO YaCTH.

@ J171s1 KOMILIEKCHOrO 4mucia 2z = a + bi unciao a — bi Ha3bIBaeTCs
conpaxcennvim 1 0003HaUaeTcss z. QUeBUIHO, 9TO Z = 2z TOIJa U TOJbKO
Torja, Korjaa 4mncjio z € R.

Jlemmvma 1. Cymma u npousdsederue 08Yr conpatCENHHLY KOMNAEKC-
HOLE YUCENA ABAANOMCA 0eTCMBUMENOHDLMU YUCABMU.

CroiicTBa YMHOZKEHHUST COIPSI?KEHHBIX KOMILIEKCHBIX UHCEJT JIEKUT B OC-
HOBE JIeJIeHIsT KOMILIEKCHBIX YnCes B ajaredpandeckoii popme:

a+bi  (a+bi)(c—di) (ac+ bd)+ (bc— ad)i ac-l—bd+ bc — ad .
— = = 1.
c+di (c+di)(c—di) c + d? A4+d? A+ d?

@ CymiectByer ¢opMysia U3BACUEHUST KBAJIPATHOIO KOPHSI U3 KOM-
[LJIEKCHOT'O Yucjia 2 = a + b1

+ isign b

Vaz + b2 2 1 p2 —
r—kbz’::l: a +2 +a \/\/a +2 a

rje

. 1, ecin b > 0,
sign b = <

\—1, ecau b < 0.

B wacrHoctn, u3 31oit opMyIIbI ClieLyer:
4.1) ecim a > 0, b = 0, To \/a = £+/q;
4.2) ecim a < 0, b =0, 10 /a = +iy/—a;
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4.3) ecm a =0, b# 0, o Vbi = i\/@ (1 + isignb).

@ Ecmn ax? +br +¢c =0 — KBaJpaTHoe ypapHenne HaJ rojgem C,
T.e.a,b c € Cua+#0, 10, TOBTOPss BEIBOJ (POPMYJIbI KOPHEl KBaPATHOIO
ypaBHEeHNs, KOTOPBIIl U3BECTEeH U3 IIKOJIHBHOT'O Kypca MaTeMaTUuKN, MOy YNM

Ty ke hopMmyJry

—b+ Vb? — 4dac
2a '

T12 =

§3. Tpuronomerpudeckas ¢popMa KOMILJIEKCHOTO YMCJIa

@ B cBa3u ¢ reomerpudeckoit nnTepupeTanueii 1eiicTBUTEIbHBIX Y-
ceJl eCTeCTBEHHO KOMILJIEKCHOE YMC/Io 2 = a + bi m300pakaTh TOUKOIl Ha
IIJIOCKOCTHU, TIPUHSAB YKCIa @ U b 3a KOOpAMHATHI TOUYKH. [Ipn 9TOM KaxK0My
KOMILJIEKCHOMY YHCJIY COOTBETCTBYET TOYKA Ha IJIOCKOCTU U KaxKJI0il TOYKe
Ha IJIOCKOCTU COOTBETCTBYET HEKOTOPOE KOMILJIEKCHOE YUCJIO.

[TrockocTh, HA KOTOPOiT M300parkaroTcsd KOMILIEKCHbIE YHIC/Ia, Ha3biBa-
eTcs Komnaexchot naockocmsvro. Ochb abCIUCe HA3bIBACTCs JeticmeumenbHot
0C®10, OCb OPJAUHAT — MHUMOU 0CHIO.

@ [TosiozkeHre KOMILIEKCHOTO YUCIa 2 = a + bl Ha ILJIOCKOCTH BIIOJIHE
OIIpeJIeJISIeTCST MOJIAPHBIMU KOOPIUHATAMI 7" 1 (0 COOTBETCTBYIOIIEH TOUKN Ha
/ IJIOCKOCTH, TJIe ' — PACCTOsiHUE OT Hada/a KOOPJMHAT JI0
b TOUKHM 2, & ( — yYTOJ MEXKJIY MOJIOKUTE/IbHBIM HAIIPABJICH-
em ocn Oz 1 BekTopoM Oz. YHCI0 7 Ha3BIBACTCA MOOYAEM
KOMNAEKCHO20 “ucAa z 1 0b03HadaeTcs |z|. OueBuHO, 9TO
r=|z| = 0, npudem |z| = 0 JmIb /1 KOMILIEKCHOTO YHC-
jga z = 0. YToJ1 (o HA3bIBACTCS aAP2YMEHMOM KOMNAEKCHO20
yucaa z W obosHadaeTcsd arg z. BamHCTBEeHHOE YMCJI0, I
KOTOPOT'O apryMeHT He oripejiesien, — qucio z = 0. Ilpu-
HSTO CINTATh, YTO apryMeHTOM ducia 2z = 0 MOXKeT ObITh

Puc. 1: Joboe felicTBUTEIbHOE YN0, JIIsT APyrux KOMILIEKCHBIX
qHcesl apryMeHT OIIPeNe/IsieTcsl ¢ TOYHOCTBIO JI0 IIeJIbIX KPATHBIX JhCja 27
1 MOYKeT NPUHUMATH KakK IOJ0YKUTEIbHbIe, TaK 1 OTPUIATe/bHbIE JIeiiCTBI-
Te/ibHbIe 3HadeHus. [Ipu 9ToM 1oJI0KuTE/IbHBIE YTJIBI OTCUUTBIBAIOTCS 1TPO-
TUB YaCOBOIl CTPEJIKU.

[TockoIbKY TOJISIPHBIE KOOPAMHATHI TOYKH, COOTBETCTBYIOIIEH KOM-
IJIEKCHOMY YHCIy 2 = a+ bi, CBSI3aHbI ¢ ee MPSMOYTOJIbHBIMI KOOPIMHATAMN

0

20



M3BECTHBIMU (DOPMYTIaMHU
a =1 COs P, b= rsiny, ()

TO z = a+bi = 17 cosp +irsin p = r(cos ¢ +isin ). 3aMuch KOMILJIEKCHOTO
auesia z = r(cos @ + ising), rae r = |z|, ¢ = arg z, Ha3BIBAETCST MPULOHO-
MeMPUYeckol Popmoti KOMNAEKCHO20 YUCAA Z.

s mepexojia o1 ajredpandeckoil (hopMbl KOMILIEKCHOI'O YHCJIa 2 =
= a + bi K TPUrOHOMETPUIECKOI (hopMe UCIIONB3YIOT (DOPMYJIBL: T = |2| =
= Va2 + b2, a p = arg z olpeNeIAloT U3 CUCTEMbI

a

cosp = =

Y

: b
sin p = .
L
Ha npakTuke 18 HAXOXKJIEHUST OJIHOTO U3 3HAYEHUN apryMeHTa KOMILIEKC-
HOrO Jucja z = a + b 9acTo yjobHO M300pa3suTh KOMILIEKCHOE YHCJIO Ha

IIJIOCKOCTH M HCIIOJIb30BaTb CJIEAYIOIIUE IIpaBUJIa:

1) ecJIn IUCI0 2z n300parkaeTcs Ha JIefiCTBUTE/IbHON MJIM MHUMOI OCH,
TO B KayecTBe arg 2z MOXKHO B34Tb OJIHO U3 3HadyeHuii 0, g, , 37” B COOTBET-
CTBUU C PACIIOJIOKEHUEM 4YHCTIa 2|

2) ec/i 9nCII0 Z2 M300parXKaeTcst He Ha OCSIX, TO
(

arctg 2, ecin z € I wam IV gerBepTsiM;
arg z = < a

|7 + arctg S, ecin z € I winm 111 gerBepTsMm.

@ Tpuronomerpudeckasi (popmMa KOMIIJIEKCHBIX YHCET YI00HA JIJIs UX
YMHOXKEHUs U JIeJIeHUS.

Teopema 1. [Ipu ymMHOHCEHUU KOMNAEKCHDIT “UCEA 68 MPU2OHOMEM-
puyeckots hopme ux MoOyAU NEPEMHONCAIOMCA, G AP2YMEHMDL CKAGODIBANOM
CA.

Teopema 2. [Ipu deseruu KOMNACKCHBLT YUCEA 68 MPUZOHOMEMPUE-
ckotl hopme ux Modyaslu 0CAAMCA, G GP2YMEHMBL BLIHUMAIOMCA.

CJIe,Z[CTBI/Ie 1. ﬂﬂﬂ HEHYNEBO20 KOMNNEKCHO20 HUCAA Z

1
z = H (cos(— arg z) + isin(— arg 2)).
z

@ C 1OMOIIBIO0 TPUTOHOMETPHIECKOH (DOPMBI JIEFKO BBIYHCJIATE JIIO-
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OY10 HEJIYIO CTElNeHb KOMILIEKCHOTO TUCIA.

Teopema 3. Ilpu 6ozsedenuu Komnaekcnozo wucaa z = |z|(cosp +
+ is8inQ) 6 cmenenb ¢ YeAbM NOKAZAEAEM N €20 MOJYAL B03600UMCA 6
IMY CMENENL, @ aAPLYMENT YMHOHCAEMCA HA NOKAZAMEND:

(Jz|(cos p +ising))” = |z|"(cos ng + isinne).

DT0 paBeHCTBO Has3bIiBaeTCs hopmy.roti Myaepa.
[Ipu |z| = 1 u3 dbopmysnsr Myaspa nmveem paBeHCTBO

(cosp +isin )" = cosny + isinny,

KOTOPOE ITO3BOJIAET BBIYUCJIATHD KOCUHYCBI I CHHYCBI KPDAaTHBIX YIJIOB 710 9€PE3
CHUHYCBI I KOCUHYCHI yTIJIa .

@ [Tycts n — HaTypaJsibHOe uncsio, oosbiiee 1. Koprem n-ot cmeneru
13 KOMILJIEKCHOT'O YUCJIa 2 HA3bIBAETCA TaKOe KOMILJIEKCHOE YHCJIO ¢, 9TO ¢ =
= z. Kopenb n-oit crenenu n3 KOMILIEKCHOIO YUC/Ia 2 Oy1eM 0003HaYaTh {7/ Z.

Teopema 4. ITycmv n — wamypasvroe wucao, bosvwee 1, u z =
= |z|(cos ¢ + isin ) — KomnaexcHoe wucao. B nose KOMNAECKCHBIT wucen
Kopens n-0t cmenenu u3 z npu z = 0 umeem eQuHCMEEHHoe 3HAUEHUE /2 =
=0, a npu z #0 — n passuurvir 3HaveHul

. . ©+2rk . p4 27k
V2= 1/|z| | cos m——— 4 isin —— | |
n n
ede k=0,1,...,n—1.
@ Tax kak 1 = cos0 + ¢sin 0, To u3 Teopembl 4 MOy IaEM
CraencrBue 1. B nose KOMNAECKCHOBIT “UCEA UMEECMCA T PA3AULHDIT
BHAMEHUT, KOPHA N-0U cmeneru u3 eJuHUUbL, KOMOPHLE BLIMUCAANMCA NO

popmyne

€ = V1 = cos@ +isin@,
n n

2de k=0,1,...,n—1.

Teopema 5. Kopnu n-ol cmenenu u3 edunuybs 06padyrom KoHeu-
HYI0 MYALTMUNAUKAGMUBHYIO 2DYNNY NOPAIKa N, KaHCIbLT INeMEHTM, KOMOPOT
ecmv CMeNnens KOPHA €1 = COS 27” + 7 sin 27”

@ Teopema 4 1okasbIBaeT, 9TO J1000e ypaBHeHue Buja £’ —z = 0, rje
2 — HMPOM3BOJILHOE KOMILJIEKCHOE Yncjio, nMeeT B ojie C n pa3indHbIX perie-
Huit. Eme ynuBuresabtaee To, uro B C umeer perienune Jjiroboe ajredpamnieckoe
ypaBHEHNE ¢ KOMILIEKCHBIMU KO3 PUITUECHTAMMU.

Teopema 6 (ocHOBHasi TeopemMa aJreOpbl KOMILJIEKCHBIX M-
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cen). Beakoe anzebpauneckoe ypasnenue
anx™ + ap12" P+ ...+ ax+ag =0,
2den € N, ag,aq,...,a, € C, a, # 0, umeem 6 nore C xoms 6v. 00no
peweHue.
DTa Teopema SIBJISETCS OJHUM U3 KPYIHEHINX JOCTHXKEHNN B HCTO-
pHI Pa3BUTHs aareOpbl. Panblile ee HA3bIBAIN OCHOBHOII TeopeMoii aaredpshl,
TaK KaK pelleHne ajaredpaniecKnx ypaBHEeHNiT J0JIroe BpeMsi ObLIO B IEHTPe

BHUMaHUs ajaredpanctos. IlepBoe noka3aTebCTBO 9TOI TeOpEMBI OBLIO JTAHO
[ayccom B 1799 romny.

Tema 4. MaTpunbl 1 onpeaeanTesiu

§1. Marpuribl u geiicTBusd HaJd HAMUI

@ [Iycts P — mpousBojibHOe 10jie, k U n — HaTypaJbHbIE YUCTIA.
[IpsimoyrosibHas TabJmia

ap; a2 ... aij ... Qaip
a1 @22 ... Q25 ... QA2p
A= | ’
i1 Q32 Ajj Uin
\akl Qi ... Qj ... a;m)

COCTaBJICHHAsT U3 3JIEMEHTOB IoJis1 P, HazbiBaeTcsa mampuuet pasmepa k X
X n Had nosem P. Jlns obosnadenust marpuiibl A Oygem yrnoTped/isiTh Tak-
xe zamuce A = (a;5), i = 1,...,k, j = 1,...,n. DileMeHTHl @;j, U3 KOTO-
PBIX COCTaBJICHA MATPUIIA, HA3BIBAIOTCA 2ACMEHMAMU MAMPUYDL. DIEMEHTHI
i1, @j2, - - - 5 Ajp UMEIOT IIEPBBIM HHIEKCOM 9HCJIO ¢ 1 COCTABJISAIOT B MATPHUILE
A i-10 CTPOKY. DJIEMEHTHI a1, A2j, - - - , Af;j UMEIOT BTOPBIM HHJICKCOM HCJIO j
u cocTaBsioT B Marpuiie A j-it crosber. Takum obpaszom, pazmep MaTPHIlbI
k X n yKasblBaeT 9HUCI0 CTPOK M UUCJIO CTOJOIOB MaTpuilsl. Ecau k # n, To
TOBOPAT O NPAMOY20AbHot mampuue. Ecin k = 1, To MaTpuIily Ha3bIBalOT
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mampuyel-cmporot, a ecaiu n = 1, — 10 Mmampuueti-cmoabuom. Marpuia
pasMepa k X n, Bce 3JeMeHTbl KOTOPOil HYJIEBbIe, HA3BIBAETCS HYAEEOT MAM-
puyeti u obosnavaercs Oy . Eciu e k = n, T. €. 4uCI0 CTPOK MaTPHIIbI
pPaBHO YHCJIY €e CTOJIOIOB, TO MaTPUIla HA3BIBACTCS k6adpammot mampuiet
nopsadka n, a MHOXKECTBO BceX Takux marput obosuadaercst M, (P).

[Iycts A = (a;j) — KBajpaTHasl MaTpHIA LOPs/IKA N HaJl HojeM P.
DJIEMEHTBI 11, 92, - . . , (ypy B TAKOW MATPUIE COCTABIAIOT 2446MHYN0 JUuG20-
HaAb, IPpYTas JUaroHajb KBaJIpaTHON MaTPUIIbl HA3bIBAETCs n0O0uHOU dua20-
Haavro. Eciin B KBaJapaTHO MaTpuIle BCe 9JIEMEHThI, KPOMe 3JIeEMEHTOB IJIaB-
HOII JAMaroHaJi, PaBHbI HYJIIO, TO MaTPHUILy HA3bIBAIOT ua20HaAbHOU 1 000~
suaqaror diag (aiy, @, - - ., Gpy). JduaronaibHas MaTpuiia Ha3bIBACTCS €0U-
HUYHOT MAMPUUET Nopadka N, €CJIn OHa UMeeT BHJT

(100...0\

010 ...0

001...0

\0 00 ... 1)

Hse marpunst A = (a;;) u B = (b;;) Hag nojem P Ha3bIBAIOTCS paes-
HbLMU, €CJIT OHU MMEIOT OJMHAKOBBIN pasMep W PaBHBI 3JIEMEHTBI, CTOSIINE
Ha OJIMHAKOBBIX MeCTax, T.e. a;j = b;j JJisl BCex 1, J.

@ Ecmn A = (a;;) 1 B = (b;;) — Marpuiisl pasmepa k X n HaJ 1ojieM
P, 10 nx cymmoti Oyjnem naspiBarh Marpuiy C = (¢;;) pasmepa k X n HaJ
noJjieM P, y KOTOPOIt ajleMeHThl ¢;j = a;; + by ia ¢ =1,...k, j=1,...,n.
[Tumyr: C = A+ B.

IIpmvep. 2—13+ -1 4 -3 _ (1 30

0 -2 1 2 1 5 2 —1 6
CpoiicTBa c/10zkeHnst MaTpuIil chOpMyInpyeM B CJIeIyomeil jeMmme
Jlemma 1. Ilycmo A, B u C — mampuyoe pasmepa k X n 1ad nosem
P. Cnpasedausw, caedyrowgue ymeeporcoenus.:
1) A+(B+C)=(A+B)+C;
2) A+ B=B+ A;
3) A+ Oy =04, +A=A.
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@ Ecnmn A = (a;;) — marpuna pasmepa k X n Haj mosem P n o —
9J1eMeHT 1oJisd P, 1o npouseederuem mampuuyb, A na saemenm o HazbIBaeTCsA
marputia B = (b;;) pasmepa k X n najn nojem P, y KoTopoit bj = aa;; st
1=1,...,k, 5=1,...,n. [lumyr: B = aA.

IIpumep. 4 -2 = -4 8

0 -2 0 -8

Marpura (—1)A obosnauaercss (—A) u Ha3BIBAETCST NPOMUESONONOIHC-
noti mampuue A. Takum obpa3om, MOYKHO OIPEIEINTh BbIUNTaHIE MaTPUIL
onmnakoBoro pasmepa: A — B = A+ (—B).

Jlemma 2. [lycmov A u B — mampuuwvt pasmepa k X n nad nosem P,
a u B — anemenmor noas P. Cnpasedaueol caedyrousue ymeepircoenus:

1) A+ (-A)=(—A)+ A= Opp;

2) (ap)A = a(BA) = (ad);

3) a(A+ B) = aA + aB;

4) (a+ B)A = aA + SA.

@ IIycrs A = (a;;) — marpuna pasmepa k xn naj nosem P, B = (b;;)
— MaTpuia pasmepa n X m Haj nojaeMm P. [Ipoussedenuem mampuy A nu B
naspiBaeTca Marpuna C = (¢;;) pasmepa k X m Haj 1ojeM P, y KoTopoit

n
Cij = ai1b1j+aigbgj+...+ambnj = Haitbtj mgt=1,....k, j=1,...,m.
t=1

[Mumyr: C = AB.
ITpumep. Ilycts

A:12, B:14—1
10 23 0

Tak kaxk A — marpuia pasmepa 2 X 2, B — marpuia pasmepa 2 X 3, TO
npoussejierne AB omnpenesneno, a npoussenenne BA He onpejeseHo.

1 2 14 -1

AB: pu—
10/ \23 0
(11422 14423 1-(=1)+2-0) (5 10 -1
1-140-2 1-440-3 1-(=1)+0-0 1 4 —1
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Jlemma 3. Cnpasedausor caedyrowgue ymeeporcoenus:

1) ymnoorcenue mampuy, nekommymamuehno, m.e. AB # BA;

2) ecau onpedeaeno 00no u3 npoussedenuti A(BC'), (AB)C', mo onpe-
deaeno u dpyeoe, npuuem A(BC) = (AB)C;

3) ecau A — mampuua pasmepa k X n, mo AE, = E,A = A.

Jlemma 4. Cnpasedausor caedyrowgue ymeeprcoeHus:

1) ecau onpedeserna mampuya A(B + C'), mo A(B+C) = AB+ AC;

2) ecau onpedeaena mampuya (A+ B)C, mo (A+ B)C' = AC + BC.

Herpynno sameruts, uro ecin A, B, C' € M,(P), To MaTpuripl

A(BC), (AB)C, A(B + C), (A + B)C oupeJiefieHbl U TaK¥Ke sIBIISIIOTCS
KBaAPaTHBIMU HOPsIKA M.

s nemm 1, 2, 3 u 4 cienyer

Teopema 1. Ilycmv P — noae, n € N. Mnootcecmeo M, (P) obpa3sy-
em KoAvuo ¢ eQuHULETl, KOmopoe Ha3bl8aemes MOJHBIM MATPHIHBIM KOJIBIIOM
HaJ1 11oj1eM P.

@ Eciin B MmaTpunie A ¢cTpoKu ce/1aTh CTOI0IAME, TO IOJIYYUTCsl MaT-
pHIIa, KOTOPYIO HA3LIBAIOT MPAHCNOHUPOSAHHOU K Mampuue A 1 0003HATAIOT
AT Tak, ecimn

(all aio ... aln\ (all asr ... akl\
a a ... a a a .. Qa

A _ 21 22 2n : TO AT — 12 22 k2
\akl arga ... akn) \aln Aon - .. akn)

CpoiicTBa TPaHCIIOHIPOBAHUST MATPUIL, CHOPMYIUPYEM B CJI YOI JIeMMe
Jlemma 5. Cnpasedausor caedyrowgue ymeeporcoenus:
1) ( AT)T — A,’
2) (aA)T = aAT das mobozo snemenma o us noas P;
3) (A+B)T = AT + BT;
4) (AB)T = BT . AT.
@ Ilycts A — npousBoJibHasT MAaTpHIA HaJl mojeM P.
DAEMEHMAPHLLMU NPEOOPAZ0BAHUAMYU CMPOK Mampuyb, A Ha3BIBAIOT
cJIeIyIOIIHe TPeodpa30BaHUs:
1) yMHOXKeHEEe BCeX 3JIeMEHTOB KaKOW-Jn00 CTpOKH MaTpuilbl A Ha
HEHYJIeBOI 9/IeMEHT I0JIS;
2) npubaB/ieHne KO BCeM 3JIeMEeHTaM KaKoii-mbo CTPOKH COOTBETCTBY-
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FOIIX 9JIEMEHTOB JPYTOil CTPOKM, YMHOYKEHHBIX Ha OJMH U TOT K€ 3JIEMEHT
OJIsI.

Ecan marpuna B noaydena u3 mMarpuilbl A B pe3yiabrare OHOIO WK
HECKOJIBKIX 9JIEMEHTapHBIX IIpeodpa30BaHuil CTPOK, TO TOBOPST, YTO MaTPH-
a A sxeusasenmna marpune B n numyt: A ~ B.

Jlemmvma 6. C' nomowmro asremenmapnoir  npeobpadosaruti Ccmpox
MONCHO MOMEHAMD MECTNAMU A100ble 06€ CMPOKU MAMPULDL.

Jlemma 7. Ecau A~ B, mo B ~ A.

C'mynenuamoti Ha3bIBaETCsI MaTPHIla, 00JIa1af0Iast CJIeLyOIIMI
CBOIICTBaMU:

1) ecim 4-s1 cTpOKa MaTPUIIBI HyJIeBas, T. €. COCTOUT U3 OJHUX HyJIeil,
10 (i + 1)-51 cTpOKa TakzKe HyJIeBas;

2) ecyin mepBbIe HEHYJIeBbIe JIeMeHThI i-it u (i + 1)-if cTpok pactoJio-
»KeHbI B cToji0ax ¢ Homepamu k u [, To k < [.

Teopema 2. Beakyo mampuyy ¢ nomMousbio IAEMERMAPHBLIE NPEOOPa-
306aHUTL CMPOK MOAHCHO NPUBECTU K CMYNEHUAMOT MAMPUUE.

§2. IlepecTanoBku

@ [lyctrs X = {1,2,...,n}. Bsanmuo ogHOo3HAUHOE OTOOparKeHue
MHOKecTBa, X Ha cebs Ha3bIBACTCA nepecmanoskoti cmeneny n. MHOXKeCTBO
BCEX IIEPEeCTAHOBOK CTeleHn n 0bo3Havdaercs S,. [lepectanoBkn y06H0 1300~
pazkKaTh JIBYXCTPOUHON Tab/uiei

1 2 ... n

(1) 7(2) ... 7(n)

yKasbIBast BO BTOPOit CTpoKe 06pasbl Beex syeMeHToB, mpudem {7(1), 7(2), .. .
., 7(n)} = X. ToxaecTBennoe oTobpazKkemnue

1 2 ... n
g:
1 2 ... n

HA3BIBAIOT Mmooicdecmeennols (Wi edunuunot) TTepecTaHOBKOIl.
OmnpeienM Ha MHOXKECTBE S,, YMHOYKEHNE MIePECTAHOBOK CJIeTYIOIINM
IPaBUJIOM: JIJISI JIFOOBIX 0, T € .Sy,

(o7)(@) = o(7(4))
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aaa e =1,2,...,n.

Hampuwmep,
1 23 14
VN
11234 123 4] |12 34
or = 312 4° )
341 2 312 4 1 3 4 2
VN
1 34 2
1 2 3 4 1 2 3 4 1 2 3 4
TO = =
312 4 341 2 2 4 31

B wacTHOCTH, 9TOT NpuMep MOKA3bIBAET, YTO OT # TO, T. €. YMHOYKEHNe

ImepecTaHOBOK HEKOMMYTAaTHUBHO.

@ Teopema 1. [Iycmov n € N. Mnoocecmeso S, ¢ onepayueti ymmo-
DHCEHUA NEPECTNAHOBOK ABAACMNCA KOHEeUHOU 2pynnoti nopadka n!. Imy epyn-

nYy HA3v6a0M CUMMETPUYIECKOI I'PYIIION CTeleHn n.

~"

IIpumep. S| = ! =cp. S = b2 =g, b2
1 1 2 2 1) |
1 2 3 1 2 3 1 2 3 1 2 3 123\
53— :8, ) ) )
1 2 3 1 3 2 3 2 1 21 3 231/
1 2 3
3 1 2

@ [lepecTanoBKa U3 rpymisl S, BHJa

= a ay ... Aag—1 A QAag+1 --. Qp
as as ... ag ay ags+q1 ... QAp
Ha3bIBa€TCA UUKAOM oaunvt k n KpaTKO 3alluChIBaeTCd T — (a1a2 ce
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ccag)(ags) .- (an) = (aras . .. a). Hukibr 6e3 o6mmux cHMBOJIOB Ha3biBa-
I0TCA He3a6UCUMBLMY. 1IUKIBI ¢ OOIIMMHI CUMBOJIAMU HA3BIBAIOTCA 3a6UCU-
moLmu. JII00yI0 1epecTaHoBKY MOXKHO 3alliCaTh B BUJIE IIPOU3BEICHUS HE3a-
BUCUMBIX IUKJI0B. Hanpumep,

=[P 2 30T sy 23)(69)(7).

53214876

B&MGTI/IM7 9TO IIPOU3BEIACHNE HE3ABUCUMbBIX TUKJIOB KOMMYTaTUBHO, a ITPOU3-
BeAeHne 3aBUCUMbIX IIMKJIOB HEKOMMYTAaTKUBHO. H&HpI/IMep,

(12)(13) = (132), a  (13)(12) = (123).

Hukst sl 2 HasbBaeTCs mpancnoduyued. HemocpeIcTBeHHO TPOBEpKOi
HETPY/IHO YOEJAUTHCsI, ITO MUKJI JUIMHBL k MOXKHO 3alliCAaTh B BUJIE [TPOU3BE-
netns (k — 1) TpaHCIO3UIWiT 110 TIPABUITY:

(aras . ..ag_1a;) = (arag)(arar_1) - . . (a1a2).
Teopema 2. Beakyro nepecmanosky us epynnoi Sy, MOAHCHO 3ANUCGMY
6 sude npoussedenus (N — ¢) MPaHCNO3uUUL, 206 ¢ — YUCAO HE3ABUCUMDLT
YUKNOSB.
@ st BBeIeHs 3HAKA MIEPECTAHOBKU HaM MOHAI00UTCA (PYHKIINSA
(

, 1, ecit a = 0,
signa = <

\—1, ecit a < 0

quist Beex a € R. Ormernsm o/1HO U3 ¢BO#CTB 9T0i pyHKIMM: [1/1s1 Beex a, b € R
sign (ab) = sign a - sign b.
Paccmorpum orobpazkenue sgn : S, — {—1, 1}, cauras

(
1, ecaun T € Si;
sgn T = < _
I1 Signﬁ, ecsin T € Sy, n > 2.
{i,k}CX
[TockonbKy 7 — B3aumHO OHO3HAUHOE oToOpazkenue, To 7(i) # 7(k)
upu ¢ # k. CiieioBaTesibHO KaxKgasi APo0b #i(k) B (bopMyJie CyIeCTBYET.
Tak kax {i,k} = {k,i}, To 1pobBH T(z;:f(k) = T(,S:Z'T(i) BCTPEYACTCS B IIPOU3-
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BEJICHUN TOJIBKO OJIMH pa3 U MO9TOMY MOYKHO PacCMaTpuBaTh TOJIBKO {7, k},
rie ¢ > k. Torna
i —k
——— =sign(7(i) — 7(k
i = s () = (b))

n (bOpMYJIy JJId 3HaKa IIEePeCTaHOBKU MO2KHO 3alliCaTb B BUIE
(

sign

1, ecau T € 57,
SENT = |

[ sign(7(i) —7(k)), eciun > 2.

L 1<k<i<n

[TepecTtanoBKy T HA30BEM wemnot, €CJU SgN T = 1, 1 neuemnoti, eC/iu Sgn T =
=—1.

@ Jlemma 1. Edunuunas nepecmanoska 4emmuas.

Teopema 3. 3nax npoussedenus nepecmanosor paser npoudsederuro
UT 3HAKOS, M. €. 04 MOOWT T, 0 € S, umeem mecmo pasencmso sgn (7o) =
=SgNnT-sgno.

CraencrBue 1. [Ipoussedenue 06Yxr 4emmvr uisl 06YT HEYEMHDIT Ne-
PECTNAHOBOK €CTNb NEPECNAHOBKA YEMHAA.

CraencrBue 2. [Ipoussedenue uemmoti u Hewemmol nNepecmanosor
ecms NePecmaHo8ra HeuemHa.

CaencrBue 3. Obpamnas nepecmanoska T 1 umeem my oce wem-
HOCTL, YMO U NEPECTNAHOCKE T.

@ Teopema 4. Jlobasa mparcnoduyusi neuemmna.

Y110OHBII TpaKTUIeCKUil cr1ocod BHIYNCIEHIS 3HAKA IIePECTAHOBKH JIa-
eT cJIeJIyIoNIas TeopeMa.

Teopema 5. Ecau nepecmanoska T u3 epynnovt S, uMeem ¢ He346U-
CUMBLT YUKA08, Mo sgnT = (—1)"7.

@ MHOKeCTBO BCeX YeTHBIX IIePeCTAHOBOK M3 TPYIIILI S, 0003HATIM
A,, T e.

A, ={r €S, |sgnt =1}

Teopema 6. Mroocecmso A, 0MHOCUMENLHO YMHONCEHUA NEPECTNA-
HOBOK 0bpadyem 2pynny, Komopyo Ha3vi8a10Mm 3HAKOIIEPEMEHHO! IpYIIIOoit
crerieru n. pun > 2 epynna A, umeem n!/2 nepecmarosox.

IIpumep. A, = 1 =cp. Ay = L —=cp. A3 =

1 1 2
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123 123:(123)7123

123 2 31 31 2

= (132)

I
I
™

§3. Onpenenurenn

Bynem paceMarpuBaTh TOJMBLKO KBAJIPATHBIC MATPUILI HAJ, YUCIOBBIM
nojeM P.

@ IIyctb n € N u A = (a;j) — KBaJpaTHas MaTpHUlla HOPIKA M.
Onpedeaumenem win (demepmunaHmom) MaTpuilbl A Ha3BIBAETCS UUCIIO,
KoTopoe obozuaudaercst |A| mm det A u Bbrancisiercs mo dpopmyiie

‘Al = Z SENT QA17(1)A27(2) - - - Anr(n)- (*)
TES,
Ompenenuress |A| 6yem HA3BIBATL TAKKE 0npedeaumenem n-20 nopadka.

3 onpenenennst |A| HermocpecTBEHHO CJIeIyeT:

1) B mpaBoii acTu paBeHcTBa (%) n! cjaraeMbIx, Tak KaK CyMMHUPOBa-
HEE BEJETCS 10 BCEM 3JIEMEHTAM CUMMETPUUECKON TPYIIIIbL Sy

2) B 3aBUCUMOCTH OT Y€THOCTH MEPECTAHOBKH T KAXKJI0€ CJIaraeMoe nMme-
er 3HaK “+” mwim “—". Eciun > 2, To 4KcI0 caaraeMbIX co 3HaKOM ‘4 paBHO
YUCJTy cJlaraeMbIX CO 3HAKOM “—";

3) KazKJI0e CIIAraeMoe SN T G1r(1)(27(2) - - - Gpr(n) COICPKUT IMPOU3BE]Ie-
uue n seMeaToB MaTpuiibl A. Tak Kax 1mepBbie HHJIEKChI 3JIEMEHTOB Pa3J/Iy-
HBI, TO 3JIEMEHTBI B3SITHI 110 OJJHOMY U3 KayKJI0# CTPOKH MATPUIIBL. [[0CKOIbKY
BTOpBIE HieKenl 7(1), 7(2), ..., 7(n) pasnauaHbl, TO JEMEHTHI B3SThI 110 OJI-
HOMY U3 KarKJIOTO CTOJIONA MATPHUIIHL.

@ Brrauciienne onpejienresieii MaJIbX MOPsIKOB.

21) n = 1. A = (a11) — kBagparHag Marpuna 1% nopsyika. |A| =
= |ani| = an.

ay; a
22)n=2. A= S KBaJIpaTHas MaTpUIla 25 mopsijaKa.
a1 a22
Al = |G Grz) _
\ | = = A11022 — A12021.
a1 a22
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ailr a2 ais

Al =

= A11G22033+
21 Q22 Q923

az1 a3z as3
+a12a93a31 + A13G21032 — A13022031 — (12021033 — A11A23032.

Cxema BBIYHCJICHUST OIPEJIETUTE/IST TPEThEro IMopsijiKa HA3bIBACTCS “TIPaBH-
JIOM TPEyTrOJIbHUKOB

@ CpoiicTBa orpeie/nTeeii.

Tpeyeorvroti Ha3bIBaETCA KBaJlpaTHas MaTpHIla, Y KOTOPOIl Bce 3Jie-
MEHTBI HUYKE MJIM BbIIIe IJIABHON JHaroHaji PaBHbBI HYJIIO.

CsoiictBo 1. Onpedesumensv mpey2oivrot MGMPUUDL PAGEH NPOU3-
6E0EHUIO INEMEHMOG 24046H0T duazonaau. B wacmuocmu, |E,| = 1.

CsoiicTtBO 2. Onpedesumens Mampuuybl ¢ HYAEB0T CMPOKOT UAU HY-
AEBBLM CMONOUOM PABEH HYAIO.

CsoiicTtBo 3. [Ipu mparcnonuposaruu Mampuybt onpedesument He
uzmenaemea, m.e. det(AT) = det A.

CsoiictBo 4. O6wutil MHONCUMEAD INEMENMOE CMPOKY (Ccmoadbya)
MOIICHO BHIHOCUMD 3G 3HAK ONPEJeAUNEA.

CaencrBue 1. Ecau A — xseadpammas mampuua nopadka n u o —
anemenm noas, mo det(aAd) = o™ det A.

CsoiicTtBo 5. Fcau xaotcovid aaemenm k-t cmpoxu mampuuyv, A ecmo
CYMMa 06YT cAa2aemMuly ay; + ayj, 7 = 1,...,n, mo onpedesument mampu-
uot A pasen cymme onpedesumencti 08Yx Mampuy, i KOMOPHLT 6CE CMPOKU,
kpome k-ot, npeosichue, k- cmpora nepeot Mampuuyv, coOCmoum u3 NEPEvLL
CAARAEMDIT fj, 0 k-2 cmpoka 6mopol mMampuyvl — U3 6MOPLIT CAARAEMDIT
Qfj-

CsoiictBo 6. Ecau mampuua B noayuena us mampuuv, A ¢ nomo-
W0 nepecmanosky dsyxr cmpox (cmoabuos), mo det B = — det A.
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CsoiicTtBo 7. Onpedesumens  Mmampuol

CMPOKAMU (CMOAOUAMU) PABEH HYAK.

c 06yma 00UMHAKOBVILMU

Caencrue 1. Onpedesumens mampuuypbt ¢ NponopUuUOHANLHBLMU
cmpokam (cmoabyamu) paser Hyao.
CsoiicTBo 8. Onpedesument Mampuybl He USMEHUMCA, ECAU K ne-
MeHmam 000t cmporu (001020 cMOoAOUA) MAMPULDL NPUOABUML COOMBEEM-
CMBYIOUUE dAEMEHMBL IPY20tl cmpPoku (Ipy2020 CMOAOUG), YMHOHCEHHDIE HA
00UH U MOM JHCE INEMEHM, NOAA.

CBoiicTBa OHpe,ZLeJII/ITeJIeﬁ HCIIOJIb3YIOTCA OJidd BbIYMCJIEHNA OIIpeac/in-

TeJeln.

ITpumep. BoruncanTh onpejennressb

-2 1
1 =2
-1 0
3 4

3 4

0 2

3 —4
)

Pentenne. C 11oMoIiibio CBONMCTB OIpeJIe/InTesI IIPUBEIeM ero K Tpe-
yTOJTBHOMY BHJLY.

3 4

0 2

3 —4
-5 1

3 4

6 10

3 —4
—-17 —15

I CT‘:,_II cT

11111

1
]2

0

4
1 -2
0 -1
0 -3
0 11

-2 3
1 0
-1 3
3 =95
3 4
3 —4
6 10
—-17 —15

2| 1412

IV+I(—4)

III+11-(—3)
IV+II11
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0 -1 3 —4|wyms| 0 -1 3 —4]m=1v

O 0 =3 22 0O 0 -3 22
0O 0 16 —5H9 0O 0 1 51
1 -2 3 4 1 -2 3 4
_ 0 -1 3 —4 IVHIL3 0 -1 3 —4 _ 175,
O 0 1 51 0O 01 51
0O 0 =3 22 0O 00 175

@ KeTounble MaTPHUILI U UX OIPeIe/INTE .
[Iycts A = (a;;) — xBajparHast Marpuna nopsyika n, B = (b;;) —
KBaJpaTHas MaTpuiia nopsaka m. Obo3zHaunM depes

ai ain C11 Clm
_ Qn1 Qpp  Cnpl Cnm
- 9

\ 0 oo O bt e )

rie C' = (¢;) — marpuna pasmepa n X m, O — HyjeBas MaTpHIA Pa3Mepa
m X n. AHAJIOTHYIHO MOXKHO IHOCTPOUTH MATPUIILI

A O C A O A
C B B O B C

Bce st MaTpuiibl 0y/ieM Ha3bIBATH KAEMOYHBLMU.
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HpaBI/IJIa BbIYUCJICHI A OHpe,B;eHI/ITeHeIL/'I KJIETOYHBIX MaTpHuIl Jat0T CJie-

JIYIOIINEe TEOPEMBI.
Teopema 1. det 4 ¢ = det 40 =det A - det B.

\o 5/ \c B
(04}, [ea

Teopema 2. det = det = (—1)""det A - det B.

\B C) \B 0

@ Baxkmnoe cBoiicTBO ompejiesiuTe el JaeT ciaejyiolnias TeopeMa.
Teopema 3. Ecau A u B — xsadpammvie mampuiyvt nopadka n, mo
det(AB) = det A - det B.

@ Munops! 1 ajaredbpandeckue JONOJTHEHUS.

[Iycts A = (a;;) — KBajparHas Marpuna nopsika n. Murnopom My
9JIEMEHTa aj; MATPHUIbl A HA3BIBAETCS OIIPEJIC/IUTE/ b MATPHUIBI, IOy IeHHOM
u3 A BbraepkuBanueMm k-oit crpoku u [-ro crosbua. IIpomssenenne Ay =
= (—1)*" M}, nasbiBaercs anzebpauneckum donosnenuem d1eMenTa ay. Ha-
[IpUMep, ecJin

(

-1 3 =2
-1 3
A= 0 1 4 , TO M23 = = 1, A23 = (—1)2+3M23 = —1.
-2 5
\-25 0

JlemmMma 1. Ecau pasnor Hyato 6ce asemenmovl HeKomopot Cmpoxu
(cmonbua) xeadpammoti MampPuybl, Kpome 00H020, MO ONPEICAUMEND M-
PUUDL PABEH NPOUZBEIEHUIO IMO20 HEHYAEB020 INCMEHMA HA €20 AN2E0PAU-
weckoe donoArerUe.

DTa JeMMa [I03BOJISIET JOKA3aTh CAEAYIONIYIO TEOPEMY, JAlOILyIo eIle
OJINH CII0COD BBIMMCJICHUS OIpeJeIuTe el mopsiaka n = 2.

Teopema 4. Onpedesumensv K8adpamHot MaAMPUUDL PAGEH CYMME
npou3sedenuts INEMEHMOE KaKoT-Aub0 cmpoky (cmoabya) mMampuyv, Ha U
anzebpaueckue JonosHEeHUA.

Takum obpasom, ecst A = (a;;) — KBaJpaTHas MaTpPHULA HOP:IKA 1,
TO

det A = a; 1A + apAip+ ...+ a,Ai;m, 1=1,2,...,n;
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nJin
det A = alelj + a2jA2j + ...+ anjAnj, 7=12...,n.

Takoii criocod BBIYUCICHIS OIPEJIE/INTEIs HAZBIBACTCS PA3A0ACEHUEM NO INC-
MEHMAM 1T CMPOKU UAU J-20 CMOAOUQ.

Teopema 5. Cymma npoussedenuti anemenmos Kaxot-Aubo cmporu
(cmonbua) Keadpammnot. mampuys, Ha airzebpauseckue JONOAHEHUS COOM-
BEMCMEYIOUWUT INEMEHTMOE OPpY20Tl CMPOKY (CMOAOUG) PABHA HYAK.

§4. Ob6parnas MaTpuna

[Tpomomkaem paccMaTpuBaTh TOJBKO KBaIpATHBIE MATPUIILI HAJI INC-
JIOBBIM 110J1eM P,

@ KpaapaTthas marpuiia A mopsiaka 1 Ha3bIBAETCA 00pamumot, ec-
Jan cymectByer martpuna B takas, uro AB = BA = E,. B atom ciayuae
MaTpHIia B HasbBaeTcs obpamuoti Marpuie A n oboznauaerca AL

U3 onpejiesiennst HETPYIHO 3aMETUTh, UTO:

1) obpaTHas MaTpPHUIA A~ gBnserca KBaJ[PATHON MaTpUIleil MOPI-
Ka 1;

2) marpuna A spisercs obparnoii marpune A~ 1. (AH 7 = A,

Hpyrue cBoiicTBa 0OpaTUMbIX MATPHUIL IPUBEJIEM B CJIEIYIOIIE JIeMMe.

Jlemma 1. Cnpasedausor caedyrowgue ymeeporcoeHus:

1) ecau mampuuya A obpamuma, mo cywecmeyem mouro 00na et 00-
PAMHAA MAMPUUG,

2) 06paMmUMaA MAMPUUG HEBVLPOHCIEHA, M. €. €€ ONPEJEAUMEND O~
AUMEH O, HYAA,

3) ecau A u B — obpamumvie mampuiys, nopadka n, mo mampuya AB
maxotce obpamuma, npuvem (AB)™t = B71AL

@ [Tycts A = (a;;) — kBapaTHas MaTpuna nopsixka n. Marpura

(An An .. Am

A\/ Al? A22 An2

\Ay, Ay ... A,

Ha3bIBAECTCS npucoedunennoti (W 63aummoti) Marpureil K Mmarpuie A.
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Kpurepuit obparuMocTi MaTpHUIbl U CIIOCOO BBIYUC/IEHHUSI OOpaTHOI
MATPHIIBI JaeT CJIeIYIoNas TeOpeMa.

Teopema 1. Kesadpammas mampuya obpamuma mozda u moavko mo-
2da, xoz2da ona weswpoosicdena. Ecau A — meswvipoosrcdennas mampuya, mo

-1 _ 1 V
A —W-A.

ITpumep. Haittu maTpuiry, obpaTHyto MaTpuile

. -1 2
1 1
-1 2
Pemenwne. Borancanm det A = = —1 -2 = —3. Tak Kak
1 1

MaTpuia A HEeBBIPOXK/I€HA, TO CYIIECTBYeT oOpaTHasI MaTpPUIa

1 A A
Al = & 11 A2
Al
A Ag
Herpynuo Boranciants A1y = 1, Ajp = —1, Ay = =2, Ay = —1. Crenosa-
TeJILHO,

@ BeraucmmTh 00paTHYI0 MaTpPUIy MOYKHO TaKxKe ¢ IOMOIIbIO 3JIe-
MEHTaPHBIX [IPeodPa30BaHmii. ITOT CIIOCOO OCHOBAH Ha, CJISAYIOINIEH TeopeMe.

Teopema 2. Obpamumiro mampuyy ¢ NOMOULDLIO INEMEHMAPHBLT NPe-
00pa306aHUT, CMPOK MOHCHO NPeBpamMUMs 6 edunuunyo mampuyy. Ipume-
HAA ME JHCE INEMEHMAPHBIE NPEOOPA30BANUA 6 MOM dice NOPAJKE K eUHUY-
HOT MAMPUYE, NOAYUUM MAMPULY, 00pamHyro danHo.

ITpumep. C nomomipbio 3j1eMeHTapHbIX IPeodpa30BaHuil CTPOK HAWTH

37



MaTpHUILy, 0OpaTHYIO MaTPHUIIE

-1 10
A=1 1 11
\ 2 01
Penienne.
-1 10/100 -110/100
. 411
AlEy | — 1 =1 1101 0 | mrare 001|110~
2 01/001 021201
—110100\ (1—10—100
=1 I(-1) I+ (- 3)
~ 021201 g1 [0 135 105 ~
001(110) \0 01| 110
1 -10/-1 00 100|—3 —3 3%
- I—ﬂl
0 10| b1 010 5
0 01/ 1 10 001 1 10
Takum odbpasomM,
_1 11
2 2 2
A= 1 11
2 2 2
1 10

@ O6osnaunm 1gepe3 G L(n, P) MHOXKECTBO BCEX HEBBIPOXKJICHHBIX
KBa/IPATHBIX MATPUIL IIOPSAIKA N C dJIeMeHTaMu U3 1oJis P.

Teopema 3. [lycmvn — namypasvroe wucao. Muooscecmso G L(n, P)
0bpazyem MYALMUNAUKGMUBHYIO 2DYNNY.
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Tema 5. Cucrembl JuHeiiHbIX ypaBHEHMII

§1. OcHoBHBIE TIOHATUS

PaccMoTpuM COBOKYITHOCTL Kk ypaBHEHUIT BUIA

4

1121 + a19T9 + . .. + a1px, = by,

(*) ) as1 + 999 + ...+ AonTy = bg,

\ ap1T1 + agoTo + . .. + appxy, = by,

rie aij, bj — snemenTe! uncaosoro noid P, xy1, T, . . ., T, — HeuspectHble. Co-
BOKYITHOCTb YPaBHEHUIT () HA3BIBAIOT CUCTNEMOU AUHETHBIT YPABHEHUT HAJ
1nojieM P ¢ n HeU3BeCTHBIMU L1, L2, . . . , Tp. DJICMEHTBI @j; HA3bIBAIOT K0IPhehu-
yuenmamu cucmemol (x), bj — ceobodnvimu kosdduyuernmamu. Ilocenosa-
TEJILHOCTD (C1, . . ., Cp) GUCENT TI0JIsT P HA3BIBAETCS PEUeHUEM cucmemot (*),
eCJI 110CJIe TOJICTAHOBKH UX BMECTO HEM3BECTHBIX X7, . .., L,, COOTBETCTBEH-
HO, KayKJIoe YpaBHeHIe CUCTeMbI 00palIllaeTcss B BEPHOE IICJIOBOE PABEHCTBO.
Cucrema JIMHEHHBIX ypaBHEHNUIT (%) HA3BIBACTCS COBMECTIHOT, €CJTH OHA MMe-
eT XOoTsi Obl OJHO peIleHne, U HEeCOBMECMHOT — B IPOTUBHOM Ciydae. /IBe
CHCTEMbI JINHEHHBIX YPABHEHUI C M HEM3BECTHBIMU T, Lo, . . . , Ly, HA3BIBAIOT-
Csl PABHOCUABHBLMAU, €CJIN MHOXKECTBa UX PEeIIeHN COBIIAJIAOT.

Marpuna

ai; a2 ... Qip
ags1 A9 ... QA2
A= ",
\%1 ag2 ... akn/

cocTaBieHHas U3 KOIPPUIMEHTOB CUCTEMBI (), HA3BIBAETCA MAMPUYET Cu-
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cmemot. MaTtpuia
ai;p a2 ... Qi 51\

C ag1 Q92 ... Q9p bg

\am g2 ... Gkp bk)

HA3BIBACTCST PACULUPEHHOT mampuyels cucmemst (x). Ecin obosnadum depes
() ()

X2 by

TO cHCTEMY (*) MOYKHO 3aIlMCaTh B BUJEe MaTpUIHOro ypaHenust AX = B.

§2. Meton I'aycca pernienns cucTteM JIMHENHBIX
yYPpaBHeHUIA

Memod Taycca wium memod nocaedosamenviozo UCKAMOYEHUA HEU3-
6ECMHHLT N0 HACTOLAIIECIO BPEMEHU OCTAeTCA OJIHUM U3 JIYUIIUX METOJI0B pe-
[ICHUY CUCTEeM JIMHEHHbIX YpaBHEHUI.

B ocnoBe meroma laycca sexar cieayromue gBa dakrta: 1) Besikast
CUCTEMa JINHENHBIX ypaBHEHUI pPaBHOCWJIbHA HEKOTOPOI cmynernuwamot cu-
cmeme AUREUHbLT YpasHerut, T. €. CUCTEeMe JIMHEHbIX YPaBHEHUIT, Y KOTOPOI
pacCIIUpeHHas MATPHIA CUCTEMbI CTYIIeHUATasT; 2) CTyNeHIaTas CUCTeMa, JIi-
HEITHBIX YPaBHEHUIl JTOBOJILHO IIPOCTO PEIIaeTCs.

IIycrs nana cucrema k JUHEMHBIX ypaBHEHUII ¢ N HEU3BECTHBIMU
X1, %2, ..., Ty, KOOOOUINEHTH KOTOPOH MPUHAJJIEXKAT YUCIOBOMY IOJI0 P.

DNEMEHMAPHBIMU NPEOOPAZOBAHUAMY CUCTEMDL NUHETHBLT YPAGHEHUT
(%) Oy/ieM Ha3BIBATDH CJICJIYTOIINE TPe0dPA3OBAHNSI:

1) yMHOXKeHIe KaKoro-aubo ypaBHEHUs Ha IKHCJI0, OTJIHIHOE OT HYJIS;

2) npubaBieHne K OJHOMY YPaBHEHUIO JPYTOTO YPABHEHUs, YMHOKEH-
HOI'O Ha IIPOU3BOJILHOE YHUCJIO.
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OueBUIHO, ITO KaXKJIOMY 3JEMEHTAPHOMY PE00PA30BAHIIO CUCTEMbI
JINHEWHBIX YpaBHEHWII COOTBETCTBYET aHAJOTMYHOE 3JIeMeHTapHoe Ipeobpa-
30BaHle CTPOK PACHINPEHHOI MAaTPHUIbl CUCTEMbI. BBUIy 3TOr0, yTBEpK/Ie-
HUS, CIIPABEJJINBBIE JIJIA JIEMEHTAPHBIX MPeo0Pa30BaHmii CTPOK MaTPHUIIDI,
MOTYT OBITEH TTePeOPMYINPOBAHDBI U SIBJISIIOTCS CITPABEJIUBBIMU JIJIsT 3/I€MEH-
TApHBIX TPeodpa30BaHUil cUCTEMbl JUHEHHBIX ypaBHeHuii. Takum odpazoMm,
CIIPaBEJIINBBI CJIEIYIONINE JIEMMBL.

Jlemma 1. C' nomowpro snemenmapuuiz npeoobpasosaruti ModHCHO No-
MEHAMD MECTAMU A100le 060 YPABHEHUA CUCTEMDL.

Jlemma 2. Beakyro cucmemy AUHETUHDT YPasHEHUT C NOMOULDLIO dae-
MEHMAPHHLT NPE0ObPA306aAHUT MOHCHO NPUBECTNU K CMYNEHYAMOT CUCTIEME.

Jlemma 3. Oaemernmapnvie npeodpazosarus  CUCMEMb,  AUHETHDIT
YpasHenutl oopamumol, M. €. eCAU 6 PE3YALMAME IAEMEHMAPHIT NPe0D-
Pa3osanutl ud cucmemos (%) NOAYHUAACH cucmema (*x), Mo u3 cucmemol
(k%) MOoHCHO noaywumMb cucmemy () Maxsice 6 Pe3ysbmame INeMeHmap-
HOIT NPE0OPA306aAHU.

Baxkmuyio posib urpaet cjemayiomias TeopeMa.
Teopema 1. [Ipu asemenmapnuvz npeodpa3o8aHUAT cuUcCmema AuHel-
HOLE YPasHEHUT NePerodum 6 pasHOCUNOHYIO CUCTEMY.

@ Taxum 0Opa3oM, BBUJLY JIEMMBI 2 I TEOPEMBI 1 BCSIKYIO CUCTEMY JIH-
HEfHBIX YpaBHEHUIT C TTIOMOIIIBIO 3JIeMEHTAPHBIX [TPe0dPa30BAHIIT MOYKHO ITPH-
BECTH K PABHOCUJILHOM cTyneH4Yaroit cucreme. OTMETHM, YTO BMECTO JIEMEH-
TapHBIX ITPEOOPA30BAHNI CUCTEMBI JINHEIHBIX YPpaBHEHHIIT MOXKHO BBITIOJIHSTD
9JIeMeHTapHbIe TTPeoOPa30Balns CTPOK PACHINPEHHON MaTPUIlbl. A ITPUBE/Is
pacCIIUPEHHYI0O MAaTPUILy CUCTEMbI K CTYIEHYaTOMY BUJY, MOXKHO IepeiTn K
COOTBETCTBYIOIIEH CTYIIEHYATON cCucTeMe.

[Iycrb paciimpenHast MATPUIA CHCTEMBI (%) ¢ TIOMOIIBIO 9JIEMEHTAPHBIX
peobpas3oBaHnil CTPOK IpHUBeeHa K cryneHdaToit marpuie A. BosmoxKHb!
CJIEYIONINE CIyYan:
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2.1) Marpuna

Ci11 Ci12 ... Cip dl
A— 0 O 0 | d

0 O 010

\ 0 0 ... 0]0 /

COOTBGTCTBYIOH];E%H CTylI€H4YaTad CUCTEMa MMeEeT BUI
(

€111 + C19T9 + . .. + C1px, = di,

() g

\ O-z21+0-29+...+0 -2, =d.
OdeBu/IHO, YTO TIOC/IE/IHEE YDABHEHNE HE UMeeT PeIleHuil, TI03TOMY CUCTeMa
(*%), a BHAYNT, U cHCTEMa (%) HECOBMECTHA.

2.2) Marpua

i1 €G22 ... Cin-1 Cin dy \
0 ¢ ... Copo1 Cop | do
A= 0 0 ... Cn—1n—-1 Cp—1n dn—l
0 0 0 Cnn | dn
0 O 0 0 0
\ 0 0 o 0| o0 )
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COOTBeTCTBYIOLLLaH CTyII€HYaTad CUCTEMa UMEET BU
(

cnir1 + cpry + ...+ Clpm1Tpo1 + cipm, = di,
Ty + ... + Cop1Tp—1 + T, = do,
(k%) <
Cn—1n—1Tn-1 + Cn—1nTn = dn—l;
\ ConTn = dp.

I3 nocsie/iaero ypaBHenusi HAXO/UM Z,. [lojcrasiiss ero B npenmnoc/e/pee
ypaBHEHUe, HafijeM T, 1 u T. 1. TakuMm 00pazom, B 9TOM ciydae cHcTeMa
(#%), & BHAYUT, U CHCTeMa (*) UMeeT e[MHCTBEHHOE DelleHue.

2.3) Marpura

i1 ... C1j—-1 C5 ... Cip dl \
A — 0o ... 0 Cij oo Cip dl
0 0 0 010

\ 0 0 0 00 )

CooTBeTCTBYIOIIAs CTylleHIaTas CUCTeMa UMeeT BU/I

(
c11ry + ... C1;T; + ...+ Ccpx, = dl,
(k) ¢
L Cijj + ... + cpxr, = dl
Hewnssecrnble 21, . .., 2 j, KOTOpbIE IIEPBBLIMI BCTPEYAIOTCs B YPABHEHUSAX CH-

cTeMbl (%), HA30BEM 2Aa6HbIMU HEU3BECTNHBIMU, & OCTATIBHBIE — C80000HbI-
mu. [lepenocst cBoOO IHBIE HEM3BECTHBIE B IIPABYIO YaCTh PABEHCTB, MOy IUM
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CJICAYIOULYIO CUCTEMY
(

ciry + ... 4+ cjr; = di — ... — Cip®p,

\

[IycTh cBOOOIHBIM HEM3BECTHBIM JIaHBI HEKOTODPbIE 3HAYEHUST U3 M0JIs
P. Torma (kak u B 2.2)), ABUTAsICb B CHCTEME CHU3Y BBEDX, MbI IOJIYIIM
SHAYEHUsT JIJisI [JIABHBIX HEM3BECTHBIX. TAKMM 00pa3oM, Mbl TOJIYIUM Dellie-
HIE CHCTeMbI (%%), a 3HAYUT, n cucteMbl (k). [IpnmaBas ¢cBOOOMHBIM HEM3-
BECTHBIM DPA3JIMIHble 3HAUEHHUs U3 M0JsT P, MOXKHO MOJIYYUTh BCE PEIleHHsI
CHCTEMBI ().

Sameuanune. OuesudHo, ¥mo ecau wucrosoe nose P beckoreuro, mo
cucmema (x) 6ydem umemv 6eCKOHEUHO MHO20 PEUEHUL.

@ Mrak, 9T00BI pemuTh CUCTEMY JUHEHHBIX ypaBHEHUII METOI0M
[aycca, cnemyer:

1) BBIIHCATH PACHIMPEHHYIO MATPUILY CHCTEMbI U IPUBECTH €€ K CTY-
HeHIaToil Marpuie A ¢ IOMOIIbIO 9IeMEeHTapHbBIX Tpeodpa30BaHuil CTPOK;

2) sBammcaTb COOTBETCTBYIONIYIO CTYNEHYATYIO CHCTEMY JIMHEHHBIX
ypaBHEHHIT 1 B 3aBUCUMOCTH OT BHJa MarTpuilbl A HaiflTu pereHust cucre-
MBbI.

ITpumep. Pemuth cucremy JimHeitHBIX ypaBHeHMT MeTooM ['aycca.
(

—x1 + 2wy — w3 + wg4 = 1,
| —3z1 + @ + 2a =2
\ 4dry — 3x9 — 13 — T4 = —3.
Pemnenne.
/—1 2 -1 1| 1 /—1 2 -1 1| 1

I1+1-(—3) TII+11-1
Y Y

-3 1 2 0| 2 II+1.4 0 -5 5 —=3|-1
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\ 0 0 0 0] 0

CooTBeTCTBYIOIIAs CTylleHIaTas CUCTeMa UMeeT BU/I

—x1 + 229 — 3 + x4 = 1,

— 5%2 + 5%3 — 3.%4 = —1.

Heussectrble x1 U X9 OyJIyT IVIABHBIMHU, & T3 U T4 — CBOOOJHBIMII.
[Tepenecem cBOOOHBIE HEM3BECTHBIE B MPABYIO YaCTh ypaBHEHUI

—x1 + 219 = 1 4+ x3 — 24,

— 5%2 = —1 — 5%3 + 3%4.

[Ipugaaum cBOOOAHBLIMU HEU3BECTHLIM [IPOU3BOJILHLIE YHCJIOBLIE 3HAYCHUS.
Ilycrs 3 = o, x4 = B, Tie «, § € P. Torna

-1 + 229 = 1 + o -— Ba
— bry = —1 — ba + 305,
OTKY/I&
Xy = %‘f—a_%ﬁa
xr, = —g+&—%5.
OTBerT:
xry = _%—’_&_%67
To = %"‘OK_%B,
ry = Q,

xy = [, rnea,p e P.
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§3. IIpaBusio Kpamepa n mMmarpmdHblii MeTO/] penieHus
CUCTEM JIMHEWHBIX ypaBHEHUN

@ ['abpmasib Kpamep (1704-1752) — miBeiinapckuii MaTeMaTHK.

Cucrema JIMHEHHBIX ypaBHEHUIT HA3bIBACTCS KPAMEPOGCKOU, €C/I Bbl-
HOJTHAIOTCST JIBA YCJIOBUSL:

1) amcsio ypaBHEHUH CHCTEMbI DABHO YHC/IY HEM3BECTHBIX;

2) ompeJie/TUTe/ b MATPHUIIBI CUCTEMbI OTJIMIEH OT HYJISI.

Kak u npexjie, OyjgeM paccMaTpuBaTh CUCTEMbI JIMHEHHBIX ypaBHeHMI
Ha/Jl YMCJIOBBIM I1oJiIeM P.

Teopema 1 (mpaBusio Kpamepa). Kpameposckan cucmema aureti-
HOLT YPaGHEHUT

a1 + a12x9 + ...+ Aipnty, = bl,
(*) ) 2171 + A99T9 + ... + Aopx, = bo,
{ @121 + Qoo + ...+ A, = by

umeem eduHCmMBeHHoe pPeEWwEHUE

Ay A, A,

xlzxa x2:K7"'7 LTp = —
2de A — 0np€d€ﬂum€ﬂfb MaAMmpulydvl CuUCmMemol (*), a Az — 0np€d€ﬂum€ﬂ,’b, no-
./Ly“{eHH?)L?j us A samenot Cm0/L6'L§CL %03gﬁ¢uuueHm06 npu x; CmO./L6740JVL C60-

b00nvLx Kospduyuenmos, 1 = 1,2, ..., n.

@ HokazaTeabcTBO npaBuia Kpamepa mgaer ere oauH crocod perie-
HUSI KPaAMEpPOBCKON CUCTEMBbI, KOTOPBIIl HA3BIBAIOT MaAMPUuHvLM MEMOJoM.
OH ocHOBaH Ha MCIOJIB30BAHUK CJIEIYIONIEr0 MATPUUHOIO paBeHCTBa: X =
= A7'B, rne X — MaTpuIa-cTo0en Hen3BeCTHBIX, A — MaTpuIla CHCTeMbI
(%), B — marpuna-croJjioer, cBOOOIHbIX KOI(DMDUIIHEHTOB.

ITpumep. Pemuth cucremy JIMHEHBIX ypaBHEHUI

T, — 2%2 = —1,

2331 — 3332 = —1.

a) 1o npasmty Kpamepa; 6) MATPHIHBIM METOJIOM.
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Pemenne. Taxk Kak 4mc/io ypaBHEHUN CHCTEMBI paBHO YHUC/TY HEU3-
BECTHBIX U

A=|" T|=-3+4=1#0,
2 -3

TO JJaHHAas CUCTeMa YPaBHEHUIl SBJIAETCSI KPaMepPOBCKOIA.
a) Permmum cucremy o npasuny Kpamepa:

-1 -2 Aq
A = =3-2=1,1=—1=1
1 J xl A Y
-1 -3
1 -1 Ay
2 —1

0) [Tpumenum jijist perrieHnst MaTpUIHbIil MeTo 1. Haxommm
~1

A1 1 =2 :i Ay Ay _ -3 2
A
2 =3 Ap Ao -2 1
Torna
1| _ 4l = -3 2 —1 _ 1 |
o -2 1 —1 1

oTKyjla x1 = 1, 19 = 1.
OTBer: 21 = 29 = 1.

§4. Paur maTpuiibl

@ [Iycts A = (a;;) — Marpuna pasMepa n X k HaJ| 9UCIOBBIM I10JI€M
P. Badukcupyem narypasbuoe ducio r < min{n, k}. Beiiemum B maTpurie
A TpOu3BOJILHO 7 CTPOK C HOMepaMu 1] < 19 < ... < %, U T CTOJOIOB C
HOMepaMn j1 < Jo < ... < J,. I3 sjmemenTtoB marpuiibl A, cTosimmx Ha
repeceveHnn BLIOPAHHBIX CTPOK M CTOJIOIOB, COCTABUM OIPEJIETNTE/Nb 7'-T'0
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OPSA KA

iy Aiygy -+ Qiy,
Qiygy  Qigjy -+ - Qigg,
airjl aier ttt airjr

DTOT OIPEIeINTE/b HA3BIBAIOT MUHOPOM T'-20 NOpAdka MaTpuibl A.

B HyHKTe(:> §3 Tembl 4 MbI onpegeanan MuHop My, s7aeMeHTa ag
KBaJipaTHON MaTpuiel A mopsaka n. OueBniHo, 910 My ABISIETCS MIHOPOM
(n — 1)-ro mopsizika MaTpurbl A.

Bakroe ¢BOiCTBO MUHOPOB JIa€T CJIEeIYIOIIas]

Jlemma 1. Ecau 6 mampuue A 6ce munopv, 7-20 nopadka pasHvl Hiy-
A10, O PAGHDBL HYAI0 U BCE MUHOPBL DOACE BLCOKO20 NOPAIKG, ECAU UL MONHCHO
COCMABUMD.

Panzom menyresoti mampuuys, A Ha3bIBAETCS TaKOe HATYPAJIHHOE
YUCJIO 7', 9TO CPEJU MUHOPOB 7'-I'0 IOPsiJIKA €CTh OTJIMYHBIE OT HYyJd, a BCe
MUHODBI (7 + 1)-T0 mopsijika, ecjiu X MOYKHO COCTABUTH, PABHBI HYJO. Pane
HYAEB0T MAMPUYDbL CINTAIOT PABHBIM HYJII0. Panr marpunbl A 0003HAYAIOT
r(A).

Beuny jemmbl 1 panr HeHy1eBoit MaTpuibl A — 9TO HAUBBICIINI I10-
PAIOK MUHOpA MaTPHUILI A, OTJIHIHOTO OT HYJIS.

Bameganue. Tax xax npu MPaHCNOHUPOBAHUU ONPEIEAUMEND HE U3-
MEHACNCA, MO 0YEBUIHO, UMO MUHOPYL MAMPUUD, A U MUHODYL MAMPULDL
AT 6ydym umemv odnu u me srce snavenua. Caedosamenvio, r(A) = r(AT).

(:)]IpaKTquCKMﬁ CII0COO BBIYHCJIEHUSI PaHTa MaTPHUILI OCHOBAH Ha
CJIEIIOIINX JIBYX TEOpeMax.

Teopema 1. Ilpu ssemenmaphvlx npeodbpasosaHUAT CMPoOKx MAMPULbL
ee paHe He U3MEHAECCA.

CaenctBue 1. [Ipu saemenmapHuis npeobpa3osaHuALT CMpox HEGbl-
POAHCOEHHAA KEAOPAMHAA MAMPUYA OCTNAEMCA HEGBIPOHCICHHOT.

Teopema 2. Pane cmynenuamoti Mampuubl Paser YUCAY ee HeHyae-
BT CMPOK.

3 Teopem 1 u 2 ciemyer mpocToit criocod BHIYUCJICHUS paHra MaTpH-
1ol A:

1) mpuBectn marpuily A K CTYyIEHYATOMY BUJY C IIOMOIIBIO JIEMEH-
TApPHBIX [IPEOOPA3OBAHNI CTPOK;
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2) 9HUCII0 HEHYJIEBBIX CTPOK MOy IUBIEIiCsT CTYTIeHIATON MATPHUIIBI Oy-
JIeT paHroM MarTpuibl A.

§5. Teopema Kponekepa-Karesm

@ OTa TeopeMa JaeT KPUTePHil COBMECTHOCTH CUCTEMbI JMHEHHBIX
YPpaBHEHUIA.

Teopema Kponekepa-Kanemmu. Cucmema aunetinoix ypasrenul
cosmecmmua mozda u moavko moezda, ko20a parz MAMPUUL, IMOT CUCTEMDL
PABEH, PAH2Y PACULUPEHHOT MATPULDL CUCTIEMDL.

@ Bameuanne 1. /13 doxasamervcmea meopemuv, Kponexepa-Kanen-
AU caedyem, 4mo npu PeULEHUY, CUCTEMDL AUHETHDIT YPABHEHUTE BO3MOHCEN
00UM U3 MPET CAYYUAEE:

1) pane mampuyor cucmemv, r(A) e pasen paney r(B) pacwupernot
MAMPUYDL cCucmemvl. B amom cayuae cucmema HECOEMECTIHA;

2) 1(A) = r(B) = n, 2de n — wucao neuzsecmuwx. B amom cayuae
CUCTNEMA UMEEM, €OUHCTNEEHHOE PEULCHUE;

3) r(A) = r(B) < n. B amom cayuae cucmema umeem bosee 00HO-
20 pewenua. Ecau wucaosoe noae P beckoneuno, mo u pewenuti cucmemol
bydem beckoHeuHo MHO20.

Sameuanue 2. /loxazameavcmseo meopemwv, Kponexepa-Kaneaiu no-
kazvieaem, wmo ecau r(A) = r(B) = r < n, mo neuzsecmmovie pa3deasromca
Ha d6e epynnovl: me, KOmopoviM NPudaomes npou3eoNbHule 3HAYEHUA (6 Me-
mode laycea Mvl UT HA36AAU CBODOOHBIMU HEUSBECTNHBIMUL), U ME, KOMOPbLE
suLpadicatomces ueped c6obodnue (6 memode laycca — enasHvle Heudsecm-
noie). [lpunem, 2Aa6HOMU HEUSBECTNHOIMU MO2YM, ObIMb A100bIE T HEU3BECT-
HOLE, KOIPPHUUUEHMBL KOMOPHIT 8 MAMPUUE CUCTLEMDL COCTABAAIONM, HEHYAE-
80T MUHOD T-20 NOPAIKG.

ITpumep. VccienoBars cucremy Ha coBMecTHOCTb. COBMECTHYIO CH-

cTeMy PEIuThH 110 TpaBmiy Kpamepa.
(

ry + 3%2 + 2%3 = 1,

2x1 + 2x9 — 3x3 = 9,

—r1 + 1z + dSx3 = —8.

\
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Pemmenue. llccienyem cucremy Ha COBMECTHOCTD:

(

13 2] 1 1 3 2] 1
II+£~\(J—2) IIIﬂI-l
2 2 =3 9 II1+1I 0 —4 —7 7

~11 5|-8 \0 4 T|-T7
(1321
~lo -4 —7|7
\0 0 0/0

B paciupeHHoil MaTpuie cHCTeMbl /10 Ye€pPThl 3allCaHa MaTPHUIA CH-
creMbl. Mbl IpUBEI 9TH MaTPUILI K CTYIHEHYATOMY BHJY OJHOBPEMEHHO.
Taxk Kak paHr MATPUIBI pABEH YHCIY HEHYJIEBBIX CTPOK B CTYIIEHYATOM BH/IE
mMaTpuiibl, T0 panr r(A) mMarpuibl cucreMbl paBeH 2, u paur r(B) paciiu-
PEHHOII MaTPHIIBI CHCTeMbI Takzke paseH 2. [lockosnbky r(A) = r(B), To 10
TeopeMe Kponekepa-Kareann cucrema coBMecTHa.

Tax kak r(A) = 2, o |A| = 0, a 3HAYNT, JaHHAS CHCTEMa KPAMEPOB-
CKOI He ABJIACTCAd.

[Tockosbky 7(A) = r(B) MeHbIIe 9rc/ia HeN3BeCTHBIX, TO CHCTEMA NMe-
eT OeCKOHEYHO MHOTO peleHuil HaJi ducjaoBbiM mosieM R. Tax xax ompeje-
JINTEJIb U3 KOIMDPUIMEHTOB IPH 9 U T3 BO BTOPOM U TPETHEM yPaBHEHUAX
OTJINYEH OT HYJIsk

A=|? 73 =10+3=13#0,

1 5

TO B KadecTBe IVIABHbIX HEU3BECTHLIX MOYKHO B34Tb To U X3, & B CUCTEME
OCTaBUTh COOTBETCTBYIOIIIE OlIpeAesnTe/to A ypaBHeHNsT

201 + 229 — 3x3 = 9,

—xr1 + T2 + 5.%3 = —&.

[IycTb cBOOOjIHAST HEM3BECTHAsI 1 = @ — IIPOM3BOJILHOE 4MCJIO. Torja cu-
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creMa

(%) 200 — 3x3 = 9 —2aq,

Ty + drg = -8+«
OyJeT KpaMepoBCKON OTHOCUTEJIHLHO TJIABHBIX HEU3BECTHBIX To U I3,
Haxomum
Ap= P72 T3 59— 2a) +3(—8+a) = 21 — Ta,
—8+a 5
Az = 2 9= 2a =2(—8+a)— (9 —2a) = —25 + 4a.
1 -8+«
Torna
Ay 21 —T7a 21 7
T —— = — = — — — (Y
*TA 13 13 13
As =25+ 4o 25 N 4
T3=——=——"7"—=——+ —q@.
STOA 13 13 13
OTBer: crucreMa COBMECTHa U UMeeT OeCKOHEeUHO MHOIO perrennii Haj R:
217
o, o
T3 = —73 T 3%,

r1 = o — Jodoe gncsao u3 R.

§6. OgHOpOAHBIE CUCTEMBI JIMHEMHBIX YpPaBHEHMIA

Cucrema JIMHEHHBIX YpaBHEHNI HA3BIBAETCS 00HOPOOHOTU, €CIIT BCE CBO-
601HBbIE KOIMDMUITMEHTHI CUCTEMbBI PABHBI HYJIIO.
[TycTh mana ogHOpOIHAS CUCTEMA JTUHEHHBIX YpaBHEHMIT

p

a1 + a19T2 + ...+ ALy — 0,
(*) a921X1 + 292 + ...+ aAo2nLy — 0,
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OueBHIHO, ITO OJTHOPOJHAS CHCTeMa () BCerja COBMECTHa, TaK Kak
oHa mMmeeT nyaesoe peutenue r1 = 0, xo = 0,..., x, = 0. BBumy storo mid
OJTHOPO/IHBIX CHCTEM JIMHEHHBIX YPaBHEHUI MHTEPEC MPEICTABIISIET BOIIPOC O
CYIIECTBOBAHNN HEeHYJeBbIX pernennii. Creayommas TeopeMa JaeT HeoOX0/Im-
MbIe I JIOCTATOYHBIE YCJIOBUSI JJI PEIIeHIs 9TOT0 BOIIPOCa.

Teopema 1. Odnopodras cucmema AUHETHDIT YPAGHEHUT UMEem,
HEHYAEBOE PEWEHUE MO200 U MOALKO M020a, K020a PAH2 MAMPULDBL CUCTILEMDL
MEHLULE YUCAA HEU3BECTIVHLT.

CnencrBue 1. Ecau 6 00nopodnoti cucmeme AUHETHBIT YpasHeHUull
YUCAO YPABHEHUTE MEHDBULE YUCAL HEUSBECTIVHBLL, MO CUCTIEMA UMEETM, HEH)-
AEBOE PeULeHUE.

CaencrBue 2. Oduopoduasn cucmema n AUHETHOIE YPasHEeHUT ¢ N
HEU3BECTIHBLMU UMEETM, HEHYAEBOE DEWEHUE M020a U MOoAbKO moz2da, Ko20a
onpedesument Mampuyb, CUCTMEMDL PABEH HYA.

Tema 6. MHoOro4jieHbl OT O/{HOII HepeMeHHOIi

§1. IlocTpoenue kKoJibIla MHOTOYJIEHOB

@ [Tycts A — npousBosbHOE KOJIBIO ¢ epunnieit 1. ObozHadmM depes
B MHOXKeCTBO, 3JIeMeHTaMII KOTOPOT'O sIBJISIIOTCSI OECKOHEUHBIE YIIOPSII0YeH-
HBI€ [TOC/Ie0BATE/TbHOCTI

f:(fo,fl,...,fn,...), fiEA,

C KOHEYHDLIM YKC/IOM HEeHYJIEBLIX 3JIeMeHTOB. B Karkjoil Takoii mocjenosa-
TEJBLHOCTH, HAaYMHAasl ¢ HEKOTOPOI'O HOMEpa, BCE YJIEHBI II0CJIE/I0BATE/LHO-
cTu paBHBI HyseBoMy 3jeMenty 0 konbna A. Ise nociegosaresnbuoct [ =
= (fo, f1,---) u g = (90,91, -..) OyZIeM cauTaTh pasHuLMU U THAcaTh f = g
TOrJia U TOJIbKO Torja, Korna f; = ¢; aust ¢ = 0,1, .. ..
BeegeMm na Muoxkectse B onepanun CJI0KeHnsl U yMHOMKCHUSI:
) f+g=(fo, fr,--.) + (90, 91,-..) = (fo+ g0, 1 + g1, - - .);
2) f-g="(fo, fr;-- )90, 91,--.) = (ho, ln,...), vne hy = .Zkfz--gj,
1+)=
k=0,1,....Buacrnocru, hg = fogo, h1 = fogi+f190, ha = foga+f191+ f290
uT I
JIemma 1. Mnoosicecmeo B ¢ onepavueti crooicenun asasemcsa abe-
aesot 2pynnoti.

@ Jlemma 2. Mnoowcecmeo B ¢ onepavyueti ymmosicenus AGAAECMCA
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noayepynnot ¢ eduruuer.

@ Teopema 1. Mnootcecmeo B ¢ onepauyuiamu CA0AHCERUA U YMHO-
HCEHUA ABAAEMCA KONDUOM ¢ eduruyer.

@ BameTnM, 9TO ecjIl KOJIbI0 A KOMMYTaTHBHOE, TO KOJIbIO B Tak-
JKe SBJISIeTCs KOMMYTaTUBHBIM. B gactHOCTH, eciin A — mose, To KoJiblio B
KOMMYTATHUBHO.

@ [TocienoBarenbroctn Buja (a,0,0,...), a € A, cKIaJAbIBAIOTCS 1
YMHOXKAIOTCS TaK Ke, KaK 9JIeMeHThI KOJblla A:

(a,0,...)+ (b,0,...) = (a+b,0,...);
(a,0,...)(b,0,...) = (ab,0,...).
ITO MO3BOJIAET OTOKJICCTBUTL TAKNE MOCIEI0BATEILHOCTH ¢ COOTBETCTBYIO-

M vsementamn u3 A. [lomoxkuwm (a,0,...) = a € A. Tem cambim s71eMeH-
THI KOJIbIla A CTAHOBATCS SJ1eMEeHTaMI KoJblia B.

Ob6osnaunm nocenosareabrocts (0,1,0,...) = o u HA30BEM X nepe-
mennoti had xoavyom A. Torna HeTpyaHO IIPOBEPUTH, YTO

2 = (0,0,1,0,...),

23 = (0,0,0,1,0,...),

n
Kpome toro apz® = (ay,0,...)-(0,...,0,1,0,...) = (0,...,0,a3,0,...).
k k
Taxum obpasom, ecim f = (ag, ay, ..., a,,0,...), rjae a, — mMOC/eTHAIT

HEHYJIEBOIl 9JIEMEHT B TIOC/IEI0BATEILHOCTH [, TO
f=1(ag,0,...)4+(0,a1,0,...)+(0,0,a2,0,...) + ...
4(0,...,0,a,,0,...) = ap + a1z + asx® + ... + a,x".

MTak, KOJIb1I0
B={f(x)=ay+ax+ax’+...+a,2"|a; €A neZ, n>0}

DTO KOJIBIIO HA3BIBAIOT KOALUOM MHO204AEH06 Had Koavuom A om 0dnot ne-
pemennoti x u obosnadaior Alzx]. Daementsr f(x) € Alx] HasbBaroT MHO020-
YAEHAMU T NOAUHOMAMU. BoJiee IPUBLITHOI sIBJISIETCS 3aIIICh MHOTOWIEHA
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110 yOBIBAIONIMM CTEICHAM I, T. €. B BUJEC
-1
f(x) = apz™ + ap_12" " + ...+ arx + ayp.

DJeMEHTHI g, A1, - - ., A, HA3BIBAIOT kKoapduyuenmamy MHOrOUIeHA f(T).
Koadbdumnment ay HA3BIBAIOT c60000HbIM KOIPHUUUEHTOM, Ay — CMADULUM
Koapruruernmom, a auCio n — cmenenvio mnozousena f(x), KoTopyto 000-
sHauaroT deg f.

Hyaesvim MH0204A€HOM HA3BIBAIOT MHOTOWIEH f(x), y KOTOPOTo BCe
KO3 PUIMEHTH paBHLI HYJIeBOMY 3JjieMeHTy Kojblia A. Crenenb HyJIeBOIro
MHOTOUJIEHA CIUTAIOT PABHOM (—00), MpudeM cTeneHb —o0 < M st JIOOTO
n = 0,1,.... Eciu muorounen f(z) = ag, tae ag # 0, To deg f(z) = 0.
Muorounensr crenenn 1, 1. e. f(x) = a1x + ap HA3BIBAIOTCA AUHETHHLMU
MHO20YUNEHAMU, & MHOIOUJIEHBI CTEIeHN 2 — K8adpamHvLMU.

@ Ha ocHoBanum ompejesenuii paBeHcTBa, CyMMbI U IIPOU3BEIEHUST

OCJIeI0BATEILHOCTEl, KOTOPBIE JIaHBI B @, MOKHO CKa3aTh, 9TO:

1) aBa muorowtena f(z) u g(x) u3 xkosbia A[x] paBHBI TOTIA U TOJIBKO
TOTJIA, KOTJIa PABHBI UX KOI(D@PUIMEHTHI IPU OJINHAKOBLIX CTEIEHSX T,

2) IpU CJIOYKEHUH MHOTOUJIEHOB CKJIJIbIBAIOTCST KOI(DMUIMEHTHI Tpu
OJITHAKOBBIX CTEIEeHSIX ;

3) pu YMHOKEHIN MHOTOU/ICHOB UX [IEPEMHOKAIOT, DACKPBIBasi CKOOKH
U IIPUBO/IsI TIOJI00HBIE.

OueBHIHBI CJIEIYIONINE CBONCTBA CTEIeHe:

deg(f(z) + g(z)) < max{deg f(z), degg(z)},

deg(f(x) - g(x)) < deg f(x) + deg g(x),
IpUYeM, eCJII B KOJIblle A HeT jeuTesieil Hyss, TO

(%) deg(f(z) - g(z)) = deg f(z) + deg g().
Nrak, eciu P — nosie, 10 KoJIbIO Plr] — KOMMyTaTHBHOE KOJIBIIO C
eJIMHHIEll, B KOTOPOM BBINOJIHSAETCS PABEHCTBO ().

§2. /leamMoCcTh MHOTOYJIEHOB

Tak Kak MHOrOYJIEHbI OT OJHOI TepeMeHHON & 00Pa3yIT KOJIbIO, TO
MHOI'He UX CBOJICTBA MOXOXKH HA CBOICTBA IEJIBIX YUCeT B KOJIbIE Z.

[Iycts P — mosie. Berony B 3TOM maparpade OyjgeM paccMaTrpuBaTh
MHOTOYJIEHBI U3 KoJibla Plz].

@ Omnpepesienne 2.1. Byjgem ropopurs, ato Muoroues g(x) deaum
mnozouser f(x), ecim B Kosbiie Plz] cymectByer Takoit Mmuorowien h(zx),
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aro f(x) = g(x)h(x). B srom ciayuae mumyT: g(x) | f(x). Muorounen g(x)
Ha3bIBAIOT deaumenem MuorowrteHa f(x), a h(x) — wacmuvim npu jieeHnn
f(x) ma g(x). Ecm g(z) | f(x), To roBopar takxke, uro f(x) desumcs Ha
g9(x) u mumyr f(z): g(x).

CaoficTBa JAeMMOCTH MHOTOUICHOB C(DOPMYJIIPYEM B CJICIYIONIET JTeM-
Me.

Jlemma 1. Jlaa mnozousenos uz xoavuya Plz| cnpasedausvl caedyro-
wue ceoucmea:

1) flz) i f(x);

2) ecau f(x):g(x), g(x) i h(x), mo f(x):h(z);

3) ecau h(x) | f(x) u h(z) | g(x), mo daa wmobwzx u(z), v(r) € Plx]
sepro h(z) | (u(x)f(z) + v(z)g(x));

4) f(x):a, dia eécex a € P*;

5) ecau f(x):g(x), mo f(x):ag(x) dra ecex a € PF;

6) ecau f(x):g(x) ug(x): f(x), mo f(x) = ag(x) daa nexomopozo
a € P?;

7) f(z):g(x) mozda u moavko moeda, koeda af(x): g(x) das awbozo
a € P7.

@ J1j1st MHOTOUJIEHOB, KaK U JIJIs [EJIbIX YHCeT, CIIPABe/JINBa TeopeMa
O JIEJIEHNH C OCTATKOM.

Teopema (0 gesieHUN C OCTATKOM JJisi MHOTOYJIEHOB). /[AsA dan-
noiw mmozounenos f(x) € Plx] u g(x) € Plx]? cywecmeyrom u npumom
eduncmeennoie mruozounens, q¢(x) ur(x) us xoavuya Plx| makue, wmo f(x) =
= g(z)q(x) + r(x), 2de degr(z) < deg g(x).

Muorowien ¢(x) HA3BIBAIOT HENOAHBIM YACTHBIM, & T(T) — ocmamKom
npu genennu f(x) wa g(x).

Onpenenenne 2.2. Ecim muOorowteH d(x) mesmT MHOTOUIEHBI
f(x) u g(z), To d(z) HasbBaercss obuwum deaumenem MHOTOUTEHOB f() 1
g(z). Hauboavwum obugum deaumenem muoroanenos f(x) u g(x) Ha3piBaeT-
cst ob01Tmit renresnb d () 9STUX MHOTOYIEHOB, KOTOPBIH JIeTUTCA Ha JTF000H 00-
it gesnrens Mmaorowienos f(x) u g(x). Obosnagaercs: HOA(f(z), g(x)).

B ommmune or nenbix uancen HOJ(f(z),g(z)) ompenensercst Heo-
nozuadno. [eiicrurensno, ecom HOI(f(x),g(x)) = d(z), To BBUILY
cpoiicrBa 7) JsiemMmbl 1 muorowren ad(x) takxe Gyner HOJI(f(z),g(x))
a1 moboro a € P#. Cremylomas JeMMa olpeesseT MHOKECTBO BCEX

HOJ(f(x), g()).
JdemmMa 2. Ecau d(z) = HOL(f(x),g(z)), mo {ad(z) | a € P*}
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ECTNYD MHOMNCECTNBO BCET HAUOOALWUT 00uuT deaumenets mHo20uaenos f(x)
u g(x).

Cpenn Becex HOZ(f (), g(x)) Bblmeaum TOT, ¥ KOTOPOro cTapimii Ko-
schbunment pasen 1. O6osnaunm ero HOIN(f(x), g(x)). Beuiy semmbr 2
ouesnno, uro HOIY(f(x), g(x)) oupenensercs ans f(x) u g(z) onnosnay-
HO.

Jdemma 3. Ecau f(x) = g(x)q(z) + r(x), mo HOI(f(x),g(x)) =
= HOM'(g(x), r(x)).

PaccmorpuM Borpoc o cyrectsoBanun 1 Haxox qennn HO/I nByx
MHOTOUJIEHOB.

U3 onpenenenns 2.2 HETPYIHO 3aMETHUTD:

1) ecoin g(x) — nymesoit muorowien, To HO/(g(x), g(z)) me cymectBy-
er;

2) ecim g(x) — myseBoit MHOTOUWIEH, a f(x) — HEHyJIeBO# MHOTOUIEH
u3 kosibiia Plx], To HOI(f(x), g(x)) = f(x);

3) HOI(f(x), g(x)) = g(z) Torma u Toibko Torma, korja g(x) | f(x).

[Tycrs Teneps g(z) € Plz]? u g(z) ne pesmr f(z). Vicnonssys Teopemy
O JIQJIEHIU ¢ OCTATKOM, MBI MOYKEM COCTABUTH MOCJIE[OBATEIBHOCTD PABEHCTR

f(z) = g(z)qi(x) +ri(x),
g(z) = ri(z)ga(z) + r2(x),
() ri(z) = ro(x)g3(x) + r3(x),

() deg g(z) > degri(x) > degra(x) > ...
... >degr,_1(z) > degry(z) > 0.

HepagencTsa () MOKa3bIBAIOT, ITO PABEHCTBA, (%) 00s13aTEILHO 3aKOHIATCS,
T.e. HA KAKOM-TO Iare OCTATOK IPHU JIeJIeHNH CTaHeT paBHBIM Hy.o. [Tocte-
JI0BATEIHLHOCTD PABEHCTB (%) HA3BIBAETCS a.n20pummom Eexauda das mrozo-

unernos f(x) u g(x).
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Teopema (o nHaxoxaennu HOJ muorousnenon). Haubosvuut 06-
wutdl desumend a06wxr 08YT Henyaesur muozousenos f(x) u g(x) cywe-
cmeyem. Ecau g(x) | f(x), mo HOLA(f(x), g(x)) = g(x). Ecau oce g(x) ne
deaum f(x), mo HOL(f(x), g(x)) pasen nociednemy nenyaesomy ocmamey
6 aszopumme Eexauda mmozounrenos f(x) u g(x).

@ Haunbosbimnii obmuit gemre b Beeryia MOYKHO BBIPA3UTh depes hc-
XOJIHBIE MHOTOUJIEHbI.

Teopema (o simueitnom Bbipaxkenun HO/I 1Byx MHOTOYJIEHOB).
FEeau d(z) = HOI(f(x), g(x)), mo 6 xoavue Plx| cywecmeyrom mrozoune-
now u(x) u v(x) maxue, wmo d(xz) = u(z)f(z) + v(x)g(x).

@ Onpenenenne 2.3. Muorounens! f(z) n g(z) Ha3BIBAIOTCA 630-
umno npocmuimu, ecia HOJ(f(z), g(x)) = 1.

CroiicTBa B3aUMHO TIPOCTHIX MHOPOUYJIEHOB JIaeT CJIeyIoNas JIEMMA.

Jlemma 4. Jlaa mnozousenos uz koavya Plz| enpasedausol caedyro-
wue ymeeporcleru.

1) mmnozounrenv, f(x) u g(x) 63aummo npocmu, mozda u moavko mozda,
koeda cyuwecmeyrom mmuozouserv, u(x) v v(z) us xvosvya Plx] maxue, wmo
u(@)f(z) +o(z)g(r) = 1;

2) ecau npoussederue mHozousernos f(x)-g(x) deaumen na mmozounen

h(z), npuuem f(x) u h(x) 63aummo npocmuv, mo g(x) i h(x).

§3. HenpmBoamMble MHOTO4JIE€HbI

@ Onpegesnenne 3.1. [Iycts P — noste, f(x) — MHOTOWIEH U3 KOJIb-
na P[z], crenenb koToporo Gosibie win pasha 1. ITo semme 1 u3 §2 f(z)
neuTest Ha a u Ha af (x), e a — HernysieBoii sjement nosist P. Ecom f(z) ne
nMeeT B KoJiblle Plz] npyrux fgemmresieit, To OH HA3BIBACTCST HENPUBOOUMBLM
nad nosem P. Muorowien, KoTopblil He sIBJISIeTCsT HEMTPUBOAUMBIM HAJT [10JIEM
P, nazwiBaercs npusodumvim Had nosem P.

[To ompenenenmo, ecnn f(x) — nempuBomuM Haj noseM P, To ero
HeJIb3sl MpeJcTaBuTh B Buje npomssenenus f(z) = fi(z)fo(z), tme 1 <
< deg fi(x) < deg f(z) u 1 < deg fo(z) < deg f(x).

[IpuBOMMOCTE MHOTOWIEHA 3aBUCUT OT IOJIst, HAJ[ KOTOPBIM PAcCMaT-
puBaercst MHorousien. Hanpumep, muorousen f(z) = 2%+ 1 nenpusojum na
nosieM R, Ho npuoanm wag mostem C, taxk kak f(x) = (z + 1) (x — 7).

@ CoiicTBa HENPUBOUMBIX MHOTOUJIEHOB MPUBEJIEM B CJIEyIOIIeil
JIEMME.
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Jlemma 1. /Jlasa mrozounenos wad nosem P enpasedausvl caedyroujue
YMeEEPHCIeHUA:

1) woboti mnozousen nepeoti cmenenu nenpucodum nad nosem P;

2) ecau mmozouaen f(x) menpusodum wad noaem P, mo mmozousen
af(x) nenpueodum nad nosem P ons mobozo a € P*;

3) ecau f(x) — menpusodumoviti nad P mmozousen, mo daa 4106020
mrozousena g(x) aubo f(x) | g(x), aubo f(x) u g(x) szaummno npocmol;

4) ecau npouseedenue mHoz2ouseros g(x)h(x) deaumen na nenpusodu-
moitl mrozounen f(x), mo aubo g(x): f(x), aubo h(x): f(x).

@ Crepyrolasi TeopeMa sBIACTCS AHAJOIOM OCHOBHOW TEOPEMBI
apudMeTHKI B KOJIbIE TeJIbIX THces Z.

Teopema 1. Beakut mmnozouaen f(x) nad nosem P cmenenu 604v-
wet uru pasrot 1 aubo nenpusodum wad P, aubo moorcem Ovims npeo-
cmaeaen 6 sude npoussedenui HENPUBOJUMbBLT Had nosem P mroz2ounenos.
Ecau umeromes dsa maxux pazaoscerua f(x) = p1(x) ... ps(x) = hi(x) ...
. h(x), mo s = t u npu nodrodawet nymepayuu hi(x) = a;pi(z), 2de
a; € P, i=12...,t.

Mpb1 moObeMcs TOJTHOI OJHO3HAYHOCTHU Pa3JIOXKEHUsT MHOTOUJICHA
f(x) u3 kosbra P|x] Ha HenpuBojuMble HaJl HOJieM P MHOXKUTEH, eC/in U3
KAYKJIOIO TAKOTO MHOXKHUTEJIs BbIHECeM ero crapiinii kosdduiment. B pe-
3yJIBTATE MOIYUUM PA3JIOKEHNE

f(x) =api(x) ... .ps(z),
rie a € P7, pi(z),...,ps(x) — Henpusogumble HaJ P MHOTOUJIEHDI CO CTap-
muM Koadgdurmentom 1.

Omnpenenenue 3.2. Muorowien co crapimmM Koddduimentom 1 Ha-
3BIBAIOT YHUMAPHHM MHO2OYUNAEHOM.

Onpenenenune 3.3. Ilycrs p(x) — HenpuBognMbIil HaT ojieM P MHO-
rouneni, f(x) — mMuorounen us koaba Plx]. Ecm p*(x) | f(), a p*(z) ne
nemut f(x), To p(x) HABBIBAIOT k-Kpammvim HENPUGOIUMBIM MHOHCUTNENEM
mnozousena f(x). BEcm k = 0, To kak u B unciaax p’(z) = 1 u p(zr) nasbl-
Baercst 0-Kpammvim Henpueodumvim muoccumenrem Muorodrena f(z). Ecin
k =1, 10 p(x) Ha3bIBAETCA NPOCMBIM HENPUSOIUMBIM MHOHCUMenem [ ().

Teneps B pazyoxkenun f(z) = api(x)...ps(x), tne a € P, py(x), ...

., Ps(x) — yHUTApHBIE HEMPUBOAUMbIE HAJT P MHOTOUWIEHBI, cOOepeM OJnHa-
KOBbIe MHOZKHUTe M. [lo/yanM KaHOHUYIecKoe pas/iozkeHrne MHorouteHa f(z)
HaJI 11os1eM P:

f(@) = apy*(z) ... pi" (2).
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Tak Ke Kak 1 B [eJIbIX YiCIax HaubobImii obumil gemre b MHOTO-
WJIEHOB MOXKHO HAfiTH, UCHOJIb3YSl UX KAHOHUYECKIEe DA3JIOZKEHHs.

Teopema 2. Hauboavwuil obwuti desumenv mmozousernos f(x) u
g(x) us xoavuya Plx], cmenens komopux bosvwe uiu pasra 1, pasen npous-
BEOEHUIO YHUMAPHOIT HENPUBOUMBLE HaOD nosem P mrozouiernos, odnospe-
MEHHO BTOOAUUT 6 Kanonuyeckue pasaoocenus f(x) u g(x) nad nosem P.
Kaotcdwiti makoti nenpusodumiti MHozouier 6EPEMCA ¢ NOKA3AMEAEM CTNE-
nenu, pasHuiM menvuel ud e2o kpamuocmet 6 f(x) u g(x).

§4. IIponsBoHasst MHOTOYJIEHA

@ Teopema 1 u3 §3 umeeT B OCHOBHOM TEOpPETHYECKOE 3HAUYEHIE, TaK
KaK He JlaeT 0o0INero MeTojla pa3JjoyKeHUs MHOrOYJeHa Ha HENPUBOJINMbIE
MHOXKUTEIN. bosiee Toro, Jake Ha BOIPOC O HENPUBOAUMOCTH JAHHOIO MHO-
roujieHa HaJl JaHHBIM TI0JIEM B HaCTOMAINEe BPeMsi HET MCUEPITHIBAIOIIETO OT-
Beta. OO0I1ee peleHne 3Toil 3aa4n Mbl yKazkeM Jiniib i nojeit R u C.

Tem HEe MeHee CcyIIecTBYeT METOJI, TO3BOJISIONINN BhIICHUTH, IMEET JIN
JTaHHBI MHOTOWIeH f(x) KpaTHbIe HEMPUBOJNMbIE MHOKHUTEIU U B CJIydae
IT0JIOZKUTETHHOTO OTBETA CBOJISIIIN 3a/1ady pasJyiokenust f () Ha HEIPUBOJIN-
Mble MHOXKUTEJIN K aHAJOTUIHON 3a/1a4e /I8 HEKOTOPOro MHOTOUJIEHa MEHb-
1€l CTeIeHu.

[Iycts P — mojsie myJsieBoit xapakTepuctuxku. [ljas mHorowiena

f(x) = apa™ + ap_ 12"+ ...+ a1z + ag u3 xoabna Plx] onpenenum ero
NPouU36OIHY0 KaK MHOTOUIEH

fl(x) = na,a™ ' 4+ (n — Da,_12" 2 + ...+ ay.

Tak kak P — 1oJie HyJIeBOH XapaKTepPUCTUKHU, TO cTapiiuil Kosdduiment
na, # 0. [lostomy, ecin f(x) — MHOrOWIEH CTENEHU 71, TO MPOU3BOJIHAST
f'(x) mmeer crenens (n — 1).

[Ipu TakoM OTpe/ieIeHnI TIPOU3BOIHON MHOIOUIEHA COXPAHSIIOTCST BCe
npaBuia nhhepeHInPOBAHIST:

1) (ef(x)) =c- f'(x) nnsa aoboro ¢ € P;

2) (f(z) +g(x)) = f'(x) + ¢ (2);

3) (f(x)g(@)) = f'(x)g(x) + [(x)g'(2);

4) ((f(@)) = kf*(z) - f'(2).

Jlemma 1. Ecau P — noae nysesoti zapaxmepucmuku, f(z) € Plz]
u p(x) — k-kpammnod Henpusodumviii mHoccumenv muozounrena f(x), mo
on aeasemes (k — 1)-kpammvim muoorcumenem npouseoonoti f'(x) daa k >
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> 1. B wacmnocmu, ecau p(x) — npocmoti HENpusoduMvlil MHOHCUMEND
mrozousena f(x), mo p(x) me exodum 6 paszsoscenue Ha HENPUBOJUMbLE
mmootcumenu nad P mmozousena f'(x).

3 Teopembl 2 §3 u jiemMbl 1 ciegyer

Teopema 1. Ilycmv P — noae myaesot zapaxmepucmuku, f(x) €
€ Plz]. Ecau f(x) = ap]*(z)...pS"(x) — kanonuueckoe pasrodcenue mmo-

eounena f(x) nad nosem P, mo

HOL(f(x), f'(x)) = pi" " (x) ..o ().

B wacmmnocmu, f(x) ne codepoicum kpammvix HENpusoduMvbLL MHONCUMENET
moz2da U Mmoavko moezda, K020a 0H 83AUMHO NPOCM. CO CB0ell NPOU3BOIHOT.

Takum obpasom, ecun d(x) = HOL(f(x), f'(x)) # 1, To mHOrOWICH
f(x) obmagaer KpaTHBIME HEIPUBOJANMBIME MHOXKHTeIsiMI. Paznenus f(x)
Ha d(x), noayanm muorowier g(x) = api(x) ... py(T), KOTOpBIl UMeeT TOU-
HO TaKUe yKe HeIPUBOMMbIe MHOXKHUTE M Kak MHOrowIeH f(z). Tak kak f(z)
MMeeT KpaTHble HellpuBojnMbie MuOKuUTeN, T0 deg g(x) < deg f(x). Ecm
HEIPUBO/INMbIE MHOYKITEJIM MHOTOUJIeHA ¢(X) yIaeTcs HallTu, TO MOYKHO Haii-
TH KAHOHUYECKOE pas/ioKeHne u MHorowieHa f(x).

§5. Kopnu mHaOro4/ena

@ [Iycrs P — nosie u muorowien f(x) = a,x+a, 12" 1+.. . +ajz+
+ ag npunajexkut kojbity Plz]. Ecimn ¢ — spement mois P, 1o syieMeHT
flc) = anc® + ap_ 11 + ...+ ajc + ag nons P nasbiBaeTcs 3HaueHUEM
mnozousena f(x) npu x = c. DiaeMeHT ¢ € P HA3BIBAIOT KOPHEM MHO20UAENG
f(x), ecu f(c) = 0.

Teopema (Besy). Saemenm ¢ € P a6aaemca KopHEM MHO20UAENA
f(x) € Plz] moeda u moavko mozda, xozda f(x): (x —c).

Teopema Besy cBsasbiBaeT moHsiTHE KOPHSI x( MHOTOUIeHa f(T) ¢
HEIPUBOJIUMBIM MHOXKHUTETEeM (T — Xo) 9TOr0 MHOTOUJIEHA: HJIEMEHT X siB-
JsieTcs KopHeM MHorodieHa f(x) Torga u TOJBKO TOrjda, Korga (r — o)
SIBJISIETCST MHOYKUTEIEM MHOTOUIeHa f ().

B cBsi3u ¢ 9THM €CTeCTBEHHO CJIeIyTolee ONpe/ie/IeH e,

Omnpenenenue 5.1. Dyiement xg € P HazbiBaercs k-kpammovim xop-
nem muorounena f(x) € Plz], ecom (x — ) siBsieTcst k-KpaTHBIM HEITPUBO-
JUMBIM MHOKHTeJleM Muorodnena f(z), T. e. ecmu (x — x0)* nemr f(z), a
(x — 20)" ! ne pemur f(x). Ecim k = 1, To 2y HASBIBAIOT NPOCbLM KOPHEM
muOrOwIeHa f(1).
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Torga BBuy JeMMbl 1 1 TeopeMbl 1 13 §4 cripaBeUIBbI CJIeIYIOIIIE
YTBEPZKJIEHNS, KOTOPbIE YCTAHABINBAIOT CBsI3b KPATHOCTET KOPHST MHOTOUJTe-
Ha U €ro IIPOU3BO/HOI.

Teopema 1. Ilycmo P — noae nyaecol Tapakmepucmury, MmHo2o-
unen f(x) € Plx] uxg € P — k-kpamnwtd xopenv mmozousena f(x), 2de
k € N. Toeda vy — (k — 1)-kpammuwiii xopenv npouseodnot f'(x). B wacm-
nocmu, ecau Ty — npocmot kopernsv mrozouaena f(x), mo f'(xg) # 0.

Teopema 2. [lycmov P — nose nyaeoti rapaxmepucmuky u MHO20-
unen f(x) € Plz]. Muozouaen f(x) ne umeem 6 nose P xpammuoir xopred
moz2da u moavko mozda, K020a OH 83AUMHO NPOCM CO CE0el NPOU3EOOHOT.

@ [Iyctb ¢, ...,¢, — BCe KOpHU HeHyJieBOro MHorodwieHna f(x) €
€ P|x], npunajjiexaiiue o0 P u uMeronie KparHOCTH (1, (g, - . . , (ty, CO-
OTBETCTBEHHO. Torjia BBUIY TeopeMbl besy

« o
@) =(x —c)™ ... (z — )" g(a)
st HEKOTOPOro MHOTOWIeHa g(x) € Plx], u HeTPY/HO JI0KA3aTh CJIe/ YOIy O
TEOpeMYy.

Teopema 3. Yucio 6cex KopHET HEHYACE020 MHOROUAEHE, YUUMbIEAL
UT KPAMHOCTAU, HE NPEGOCTOOUM CMENEHU MHO20UACHA.

@ B ciyuae, korga muorodet f(z) = 2"+ ap,_12" "+ ...+ aix +ag
u3 Kosiblia Plz| umeer B mosie P POBHO n KOPHEIl €1, Ca, . . ., Cp, TO CIIPABE]I-
JIBBI (popmyav, Buema, ycranapmBalolmme CBI3b KOPHEl MHOIOYJIeHA, ¢ €ro
Ko duimeHTamu

an1 = —(cr+co+ ...+ cp);
n_o = CiCo+...4+cic, +cocs+...c0cp + ...+
+Cn_1Cn — Z Cilci27

1<i1<19<n

At = (—1)’“ > CiyCiy - - - Cip s

ayg — (—1)”6162 ... Cp.

B gactHocTH, ecsoiu n = 2 u P = R, nosyyaem u3BectHble hopMmy/ibl Buera,
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KOTOPBIE PACCMATPHUBAJIICL B MIKOJLHOM KypCe MATEMATHKU: JBa YUC/IA Cp
1 ¢y € R aAB/IsAIOTCH KOPHAME KBaJpaTHoro tpexdieta f(x) = 2% + pr + ¢
TOrJA U TOJBKO TOIMIA, KOTJA ¢ + Co = —p, €1 * Co = (.

§6. Cxema I'opuepa

Cxema [oprepa upejcras/isier coboil ya00HBIN CII0COO Jie/IeHns] MHO-
rouwtena f(x) m3 xosbiia Plx| #a suneiinbiii Muorowten (x — c¢), rue ¢ —
3J1eMeHT 1oJist P.

@ I[Tycts Muorowien f(x) = ap,2™ + ap_12™ 1 + ... + ayx + ap upu
nenenun Ha (r — c¢) umeer Henosnoe yactuoe q(x) = by, 12" 1 4 b, 92" 2 +
+...+ bz +by uocrarok r(x), 1. e. f(x) = (r—c)q(x)+r(zx). [Ipencrapmisis
MPABYIO YaCTh PABEHCTBA B BHJIe MHOTOUJIEHA 110 YOBIBAIOIIUM CTEIEHSM T 1
yauTeiBast, uto 7(x) = f(c) € P, HETPYHO YCTAHOBUTH CJie/Iytorue GhopMy-
JIBL:

bn—l = Qp,

b2 = c b1+ Qn—1,

bn—3 = C bn—2 + ap-2,
bl = C- bg + as,

DTu paBeHCTBa yI00HO 3alICHIBATEH B BIJIE TaOINIIbI, 3aII0JIHssT KJIeTKN HUZK-
Heil CTPOKU 110 CXeMaM
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3) | fle)] = ¢-bp + |

Tabnumna cxembr ['oprepa

ap ap—-1 | Ap—2 | ... | A9 | A1 ap

C bn—l bn_z bn_g b1 b() f(C)

@ IMpumep. B xombie Q(z) pasgemuts muorownen f(x) = —3z* +
+22% — 3z + 1 na (z + 1) ¢ ocrarkowm.
Pentenwne. [Ipumennm cxemy ['opuepa.

-310] 2 |=3/|1

—1(-3|3|-1|-2]|3

Taxum obpasom, q(z) = —3z*+32%—x—2 — menosnoe vacrnoe, a f(—1) = 3
— ocrarok npu gesennn f(x) ma (z + 1).

§7. MHorou4ieHnsl HaJ I0JIeM KOMIJIEKCHBIX YHCEJI

@ Hamomuum, 910 B §3 T€MbI 3 MBI y2Ke BCTPEUYAUChH C OCHOBHOM TEO-
peMoil aJiredpbl KOMILIEKCHBIX duces1. ChopMympyeM 3Ty TeOpeMy HEeCKOJIb-
KO WHaYe.

Teopema 1 (ocHOBHasi TeopeMa aJreOpbl KOMILJIEKCHBIX M-
ceut). Beaxut mnozounen f(x) emenenu boavwets uau pasnot 1 us xosvua
Clx] umeem 6 nose C xoma 6w 0dun Kopeno.

Onpenenenune 7.1. [lojle P Ha3bIBaeTcd a.n2ebpauvecku  3aMKHY-
MolM, eCJT Kaxk bl Muorowien f(z) € Plx] cremenn GosbImedi i paBHOit
1 mMeeT B 9TOM 110J1€ XOTS OBI OJITH KOPEHb.

BButy sT0r0 onpejeseHns OCHOBHYIO TeOpeMy aredpbl KOMILIEKCHBIX
qUCceT MOYKHO C(POPMYJIMPOBATH CJICYIONIUM 00Pa30M:

Teopema 2 (ocHoBHasi Teopema ajareOpbl KOMIIJIEKCHBIX YU-
cen). lone C KomniekcHolr wucen ar2e6pautecku 3aMKEHymo.
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@ OcranoBuMcs Ha HEKOTOPbIX BazKHbBIX CJICACTBHAX OCHOBHOI Te€O-
PEMBI aﬂre6pb1 KOMIIJIEKCHBIX YUCEJI.

CaencrtBue 1. Beaxuti muozousen cmenenu n > 1 u3 xoavya Clz]
umeem 6 noae C posno n wopreti.

CaencrBue 2. Henpusodumvimu wad nosem C xomnaexcHur wucen
ABAANMCA MOABKO MHOL20UAEHDL NEPBOT, CIMENEHU.

Urak, kaxpiit muorowten f(x) € Clx] crenenn n > 1 MoXKHO mpeji-
CTaBUTH B BHJE IPOU3BEIEHNsT HENPUBOANMBIX HaJ mojseM C MHOroO4IeHOB

f(x)=an(z —c1)(x —c2)...(x — cp),
rje a, — crapimmii Koadduiuent muorowiena f(x); ¢y, ..., ¢, — Kopan f(x)
u3 moJisi C.

IMpumep. Pasnoxurs muorounen f(z) = z* + 2° — x — 1 na nenpu-
BoauMble MHOZKUTE N Ha mojem C.

Pemenue. f(z) = (z'+2%) - (z+ 1) =23z +1) - (2 +1) = (z +
+1)(2* = 1) = (z + 1)(z — 1)(z* + = + 1). Haiiyilem KopHu MHOro4JIeHA
2?4+ 2+ 1 B noste C:

e e AVE]

2
Torma 22 +x+1 = (z + 1+;'\/§)(:U + 1—;'\/5)_
Oteer: f(z) = (z+ 1)(z — 1)(z + 1+;’x/§)(x + 1—;\/3)_

1443

T 9

) X1

§8. MHoOro4wieHbl HaJ II0JIEM JIeiCTBUTEIbHBIX YNCEeJI

@ [Ipexkiie Bcero orMernm, 9To mnose R He siBjIsieTcst ajarebpaniecKi
3aMKHYTbIM. JleiicTBuTesibHO, HanpumMep, Muorowien f(z) = 22 + 1 € R[z]
He nmeeT KopHeil B mosie R. Onrako mose R comepxkures B moste C, mosTomy
BCAKUI MHOTOUJIEH C JIeHCTBUTENbHBIMI KOIMDPUIIMEHTAMI MOYKHO PACCMAT-
puBaTh Kak Muorowien u3 Kosbia Clz]. [To crencrsuto 1 §7 rakoit MuOrowIeH
nmeeT B mojie C cToIbKO KOpHEi, KakoBa ero crerenb. Cieayromast TeopeMa
IIOKA3bIBAET 0COOEHHOCTH KOMILIEKCHBIX KOPHEl TaKOro MHOTOUJIEHA.

Teopema 1. Ecau xomnaexcroe wucao z = a + bi asasemces xoprem
MHO20UAEHA € DETUCMBUMENLHBMU KOIPPuLueHmamu, mo wucro z = a — bi
MAKIAHCE ABAACNCA KOPHEM IMO20 MHOLOUAEHA.

CaenacrBue 1. Mnozounen nevemmnot cmenenu ¢ 0eticmeumenbHulMU
Koappuyuenmamu umeem roms ov, 00ur deticmsumenvroili KoOpeHd.

Takum obpaszoMm, y MHOTOUJIEHA C JAeHiCTBUTEJILHBIMU KO UIIeHTa-
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M KOMILJIEKCHbIE HeJIeliCTBUTEIbHbIE KOPHU IMONAPHO COIPSIZKEHBI, T. €. UX
JEeTHOE YUCJIO.

@ PaceMoTpuM BOIIPOC 0 HENPUBOAMMBIX MHOIOYIEHAX HaJl 1ojieM R,

Teopema 2. Henpusodumwvimu nad nosem R deticmeumenvruix wucen
ABAANMCA MHOLOYAEHDL NEPEOTE CMENEHU U MHOLOYAEHDL BMOPOTE CIMENEHU C
OMPUYAMENLHBIM OUCKDUMUHAHITIOM.

rak, Besknit muorounen f(z) € R[x] cremenn n > 1 moxHO 1pej-
CTaBUTL B BUJE NPOU3BEIEHUsT M < 7 MHOTOUIEHOB HEPBOIl CTEIeHH, CO-
OTBETCTBYIONIUX JIEfICTBUTE/ILHBIM KOPHsIM, 1 (1 — m)/2 MHOTOUJIEHOB BTO-
poii cTereHn ¢ OTPUIATETHHBIM JUCKPUMUHAHTOM, COOTBETCTBYOIIIX TTAPaM
KOMILJIEKCHDBIX HEJEeHCTBUTEILHBIX CONPSZKEHHBIX KOPHE].

IMpumep. Paznoxuts muorounen f(x) = 2t + 42? +9 na nenpusou-
Mble MHOKHITE N HaJ IR.

Perienne. [Ipeobpasyem muorowuien f(z), BbIe/ssT PA3SHOCTh KBaJI-
paToB:

flz) = (x2)2 +6224+9 —22% = (332 + 3)2 — <\/§x>2 —
= (2® — V22 + 3) (2 + V2 + 3).

Tak kak I[IoJiydeHnHnbl€e KBaJdpaTHble TPEXYJICHbI UMCIOT OTpUIlaTE/IbHBIE INC-
KPUMHHAHTBI, TO OHM HEIIPUBOAMMDBI Ha/] R.

Otsert: f(1) = (22 — 2z + 3)(2® + 22 + 3).

§9. nTepnosgnnsas MHOTOYJIEHOB

@ Hrmepnoaayus m1Ho204.iema — 3TO KOHCTPYKTUBHOE BOCCTaAHOBJIC-
HIEe MHOTOYJIEHA 10 M3BECTHBIM €r0 3HAYCHUSIM.

Sajady 00 WHTEPHOJIANNN MHOMOYIEHa MOXKHO CPOPMYJINPOBATDH CJie-
JIVIOIIAM 00pa3oM: JaHa TabJula, B KOTOPOI 3HAYEHHUSIM IIePEeMEeHHO co-
OTBETCTBYIOT 3HaUEHUs] MHOTOUJIeHa. Tpedyercss HalTH MHOIOYJIEH C TaKOil
TabJmIel 3HaYeHnit.

@ [TocTapiennas 3ajada HaJ YUCJIOBBIM IIoJieM P periaeTcd OJIHO-
3HAYHO CJIEAYIONICI TeOPEeMOIi.

Teopema 1. ITycmv P — wucaosoe noae. Jas dannoz2o namypanvro-
20 MUCAG N CYWECTMEYEM. U NPUMOM eduHCmEeHHbl mHozowaen f(x) € Plx]
cmeneny, Menvwet uAl PasHot 1, Komopuill npurumaem Aobvie naneped 3a-
danmvie 3naverus by, b, . .. byl NPU PA3AUNHDIT ZHAYEHUAT A1, A2, - . . 5 (pil
nepemennoti T, 63amur u3 noas P. 9mom mmozouren svivucasemces ¢ no-
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MOULHIO THTEPIIOJIAINOHHOM hopmyJibl Jlarpamxka
n+1

fz) = Z bipi(x),

(x—a1)...(x —a;—1)(x —ajr1) ... (x — aps1)
(a; —ay)...(a; —a;i—1)(a; — ajy1) ... (a; — apy1)
ITpumep. B kosbie R[x] maiiti Mmuorowien f(x) cremenn, ne mpeBoc-
xoJdieit 3, co ciuejtytomieit Tabuieil 3HavYeHni

pi(z) =

x 210 ] 1] 2

flx)| =25 -1 —-1] -1
Pemnienne. Bocrosib3yemes nHTeprioissiimonHoit popmyJtoii Jlarpam:xa,

f(@) = brpi(x) + baa(x) 4 bsps(x) + bapa(w).
_:v(x—l)(sv—2)__ix3_ 72 z):
P18 = gy = i@ 8 %),

(@ +2)z-1)(r—2) 1

p3(w) = (x;?x((fl_) 2 —%(563 — 4a);
pa(x) = “ +42.)926(-$1— 2 %@3 +a? = 2x).
Torna
f(x) = §(x3—3x2—|—2x) — 1( S x? —dx +4)+
24 4
+%( 3—4x)—%(x3+x2—233) = 2% — 32% + 22 — 1.

OTser: f(z) = 23 — 32% + 22 — 1.
B §1 Mbl onpeesinin MHOIOUIEHBI HaJl KOJbIIoM A Kak OeckoHed-

HbBIE TI0C/IeI0BATEIbHOCTI ¢ KOHEYHBIM YHCJIOM HEHYJIEBBIX 3JIEMEHTOB. DTH
OCJIE0BATEILHOCTH CKJIAJIBIBAIOTC 1 YMHOXKAIOTCS 110 OIPEIEJIEHHBIM IIpa-
BustaM. Takoii B3TJIsIL Ha MHOIOUJIEHBI HA3BIBAETCA (POPMAALHO anzebpaue-
CKUM.

C apyroit cropoHsl, Jir000i# MHOTOWIEH f(x) Haj KOJIbIIOM A ompe/ie-
nsger dynkmmo f : a > f(a), rae a € A. Takoil B3IIA] Ha MHOrOYJIEH
Ha3bIBAETCS (HYHKUUOHANLHBLM.
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Ilpumep. Ilycts Zy = {0,1} — komeunoe none, f(r) = 1oz + 1 u
g(z) = 122 + 1 — MHOrowIeHbI U3 Kobla Zso|x]. C dopmaibHO ajnrebparde-
CKOIl TOUKM 3peHnst 3T MHOTOYIeHbI pasandibl. OHako ¢ GyHKIMOHAILHOM
TOUKY 3PEHI OHU OJNHAKOBBI, TAK KaK OLPEIEJISIIOT OJHY U TY 2Ke (DYHKIIHIO.
JeiicTBUTE/IEHO, PYHKITUS 7 10— 1, 7 :1—-0ug:0—1,g:1—0.

DTOT HpUMED HOKA3LIBAET, YTO HAJ[ KOHEUHBIMU MOJISIME (DOPMAJIBLHO
anrebpandecknii u pyHKIMOHAILHDII B3JISIbI Ha, MHOrOYIeH pasandubl. O 1-
HAKO HaJl OECKOHEUHBIMU HOJISIMUA OHU COBIIAJIAIOT.

Teopema 2. [lycmv P — beckoneunoe noae. Mnozousernor f(x) u
g(x) u3 xoavuya Plz| pasnv. mozda u moavko moeda, Kozda pashv. onpe-
deasemole UMU PYHKUUU.

§10. PammonaabHble ApodOuU

Cpe/in sieMeHTapHbIX (BYHKIUI, N3ydaeMbIX B Kypce MaTeMaTHIeCKO-
ro aHaJIM3a, BaXKHOE MECTO 3aHHMAIOT palinoHa/bHble dyHKImN. [Ipn nHTe-
I'PUPOBAHNN PAIIOHAJBbHYIO (DYHKIINIO 9aCTO MPUXOJIUTCST TPeoOPa30BbIBATDH
K BUJIY, YI0OHOMY s nHTerpupoBanus. OnucaHne HEIPUBOIAUMBIX MHOIO-
YJIEHOB HaJl 110J1eM P 1103BoJIIeT 000CHOBATL 9TOT MPOTIecC Tpeodpa3sOBaHMIA.
[Tycrs P = C uwimm P =R.

@ Onpepenenne 10.1. Payuonanrvras dpobv wad nosem P — 310

dyHKIMA BUIA
f(z)
p(r) = ——
g(x)’
riae f(z) n g(x) — muorowtensl u3 Kosbia Plz|, npudem g(x) — HeHyseBoii
mHorouieH. Qbaacmuvio onpedesetus paruonasohot dpobu p(x) aBsgeTcs
MHOKECTBO JIEMEHTOB T U3 10J1s1 P, st KoTopbix g(xg) # 0.

Onpenenenne 10.2. /e pamnmonajibHble apobu ¢q(r) = fi(z)

91(x)
po(z) = % HA3BIBAIOTCS PAGHbLMU, €CIH X 00JIACTU OIPEIeIeHIsI COBIIa-

JAI0T U JJIst JII000TO 9JIeMeHTa Ty u3 objactu onpejaeserns p1(xg) = po(x),

o fu(w) _ falao)
91(330) 92(330)
() fi(xo)ga(o) = fa(wo)g1(zo)-

@ Cienyer OoTMETUTD, 4TO TaK Kak 1oJie P 6eCKOHEIHO, TO X( MOXKET
IPUHUMATH OECKOHEYHO MHOTO Pa3/IMIHBbIX 3HAUEHU U3 00J1acTi Oolpe/iesie-
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Hust 1pobeit 1 (x) u wo(x). Torga mo Teopeme 1 u3 §9 us yemoBus (x) ciejyer
PaBEHCTBO MHOTOUJIEHOB

(%) fi(@)ga(x) = fao(z)g1(2).

O6patno. Ecmu BeINOHSIETCS pABEHCTBO (%), TO /I JIIOOOTO T W3
obactu onpejenenus ¢1(x) 1 ps(x) BBINOIHAETCST PABEHCTBO (%), T. €. pa-
IMOHATBHBIE TPOOH ¢1(T) 1 po(x) PABHBIL.

Taxkum oOpa3om, paloHabHble JIpodu

fi(x) fa(x)
QOl(x) 91(@ I/I SOQ(x) 92($)
HaJ1 10jieM P paBHBI, ecjiu paBHbI uxX obsactu onpejesterus u fi(x)gs(x) =
= fa(z)g1(x).
O6o3HaunM 4depe3 P(x) MHOXKECTBO BCEX PAIMOHATBHBIX JPobeil
ma 1 mosieM P. Ompesiesinm Ha MHOZKecTBe P () omepaiinm cJI02KeHus 1 yMHO-
JKEHUST CJIeJTYIOIIUME PABEHCTBAMI:

Silx) | folx) _ fil@)ga(x)+fa(z)gr ().
Do T = a@na
) hle) | ble) _ hin)ble)

00 B = 9@l

Herpyso mpoBepuTh, 9T0 TH ONEpalin SIBJIAIOTCS OMHADHBIME aJl-
rebpamdecKuMu onepanusMu Ha P(x).

Teopema 1. Mnoowcecmeo P(x) ecex payuonarvrox dpobet nad no-
nem P ¢ onepayuamu caoocenus u ymHoocenus AGAACMCA NOAEM.

Takzke JIerko 3aMeTuTh, 4To J11000i Muorowten f(x) € Plx|, sBisiercs

paloHAJILHON JIpOOLIO fz) Ha1 1ojieM P. 9To o3nadaet, 1to Kosbio Plx] C

C P(x). 1

@ Onpenenenne 10.3. PamnyonasibHast Ipo0Ob HA3BIBACTCS NPABUNDL-
HOU, eCJI CTelleHb UNCJUTeN A JPoOr MEeHbIIe CTelleHn 3HaMeHaTe/Is.

Jlemma 1. Jo6y10 payuonasvhyto 0pobs MocHCcHO NPedcmasums 6 Gu-
0e CYMMbBL MHO20UAEHA U NPABUALHOT PAUUOHAALHOT OPOOU.

Jlemma 2. Cymma, pasnocmdsv u npouseedenue npasusvbHvLE pPayuo-
HANOHBLT OPOOET ecb NPABUNLHAA PAUUOHAALHAL OPOOD.

O603HaYNM MHOYKECTBO BCEX NPABUJIBHBIX PAIMOHAJIBHBIX JIpo0eil Ha/l
nosiem P aepes I(x). [o jiemme 2 orepaliun cJIoXKeHUsI U YMHOYKEHUST sIBJIsI-
f0TCsT OMHApHBIME asrebpandeckimu oneparisivu Ha [1(x). Beuy Teopemsr 1
HETPY/IHO 3aMeTuTh, uro 1I(x) — KosbIio.

@ Onpenenenne 10.4. [IpaBuibHast paiuoHabHasi JIpoOb % Ha-

3bIBaeTCA npocmetiwet nad nosem P, eciin oHa yJIOBJIETBOPSET JIBYM YCJIO-
BUSIM:
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1) g(z) = (p(x))*, rie p(z) — HenpuBoUMEBI HaJ TOTEM P MHOTOUICH;

2) deg f(z) < degp(x).

[Tockosbky HempuBouMbIMU HaJ[ TToJieM C sIBJISIIOTCST TOJBKO MHOTO-
4jIeHbl TEepBOii crermenu, To mpocteimumu Hayl nojgeM C spistorest 1podbu
BIJIA

a

W, FﬂekEN, Cl,b,CE(C.

Henpusogumbivu Hat oJieM R SBJISIOTCST MHOIOUIEHBI IIEPBOIl cTere-
HU 1 BTOPOI CTEIeHN ¢ OTPHUIATEJbHBIM JucKpuMuHAHTOM. [loaTomy 1mpo-
creffmmMu HaJ mosieM R gBJISIOTCS Apobu IBYX BUIOB

a ar +b
(bx + ¢)¥ ! (ca? + px + q)F
riek €N, a,b,c,p,q € Rup?—4cqg < 0.

Beuy jiemmbl 1 parmonajibHast JpoOb IIPEICTABIMA B BHJIE CYMMbI
MHOTOYJIEHa W MPAaBUILHOI paruoHa bHoit Jpodu. Cjieytoniie JeMMbl 110~
Ka3bIBAIOT, UTO JII00as IIpaBUIbHAsT PallOHAJIbHASI JIPOOb MOXKET ObITh IIPeJI-
cTaBJieHa B BUJE CYMMbI IIPOCTEHIINX HaJ 1ojieM P apobeii.

Jlemma 3. Ecau snamenamens g(x) npasusvrotll payuonaivhot dpo-
ou Had nosem P npedcmasum 6 sude npoussedenus 06yr 63aummo npocmuir
MHo2048e106 §1(T) u go(x) u3 Koavua Plx], mo payuonasvnas dpobv mo-
orcem Obimb 3anUCAHa 8 8ude CYMMbL I8YT NPABUALHLT PAUUOHANDHOIT OPO-
oeti nad P co snamenamensmu gy (x) u go(x).

Jlemma 4. Beaxas npasuavhas payuorasvras 0pobs nad nosem P
nPedcmasuma 6 6ude CYMMvl HECKONDKUT NPASUNOHHLT PAUUOHANOHLLT OPO-
betl, Kaostcdas U3 Komopur UMEEM CE0UM 3HAMEHAMENEM CMENEHD HEKOMO-
P020 Henpusodumozo Had nosem P mrozounena.

Jlemma 5. Besaxasa npasusvhaa payuonarvhas 0pods 1ad nosem P,
BHAMEHAMEND KOMOPOT eCMb CMeNnerd Henpusodumozo Had nosem P mro-
20uAeHa, npedcmasuma 8 eude cymmovl npocmetiwuxr wad nosem P dpobeti.

s emm 1, 3, 4, 5 HEnocpeICTBEHHO CJIELyeT

Teopema (0 paszyioKeHUN paIOHAIbHOU Apodu). Beakyio pavu-
oHaAvHY10 OpobL Had nosem P moorcno npedcmasumsv 6 6ude Cymmol MHO-
20unena u npocmetiwur dpobeti Had nosem P.

ITpumep. Paznoxurh B cymMMy MHOro4JieHa U IIPOCTEHIIMX Jpodeit
najg nojsiMu R u C parnuonaibayo Apo0b

_x5+33:4+4x3+3332+3x—1
33 4 4x2+ 3 +1

p()
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Pertenne. Tak kak 1pobb () He SBJISIOTCS TPABUILHOI, TO IO JIEM-
Me 1 ee MOXKHO IPEJICTABUTL B BUJIE CYMMBbI MHOTOYICHA ¥ IIPABUJILHON pa-
[UOHAJIbHOI JIpodu

2P 3at+4a? 4+ 307 +3r — 12t + 307 + 40” + 3w + 1

?+ 3+ 43+ 32+ ¢ T

20—1

Urax,

20 — 1
2+ 33 4+422+ 3+ 1

p(r) =2+

P&SﬂOX@M&3H&M€H&T&Hbﬂp06ﬂIﬂ%HQHpHBOﬂHMb@IHMIHOHGMIRBHHDKHTGHHZ

ot 4+ 32 + 42 4+ 32 4+ 1 = (2 + 2%) + (22° + 22%)+

+(22% 4+ 20)+ (2 + 1) =23 (2 + 1) + 222 (z + 1)+
2oz + D)+ (r+1)=(z+ 1) (2 +22° + 20+ 1) =
= (e +1)((@° +2%) + (® +2) + (z+ 1)) = (z + 1)(x + 1):
(2P +z+1)=(@+1D*(z+2+1).

Muorouren x2+x+1 HEIIPUBOAUM HaJl 11oJieM R, Tak KakK ero JUCKPUMUHAHT
D=1-4<0.

2x—1
z+1)?(x2+2z+1)
creiinue JpoOu, UCIOIb3YsT METOJI HEeOIIpeaeIeHHbIX KOI(MMUINEHTOB.

20 — 1 A B Cx+D
(x4+1)2(z2+z+1) - (x+1)2 +x—l—1 +x2—|—x+1 -
A +x+ 1)+ B+ 1) (2> + 2+ 1)+ (Cx + D)(z + 1)

(x+1)2(x2+2x+1) '
[IpupaBHUBas TUCTUTE/H, TTOJTY TUM
20 — 1= (B+C)z® + (A+ 2B +2C + D)z*+
(A+2B+C+2D)x + (A+ B+ D),

PazyioxkuM mpaBuIbHYIO PAIMOHAIBHYIO JTPOOD ( Ha 1IPO-
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OTKYyJa
B + C = 0,
A+ 2B + 2C + D = 0,

A+ 2B+ C + 2D = 2,

A + B + D = —1.
Pemas sty cucremy merojom [aycca, nmoayunm A = =3, B = —1, C' = 1,
D = 3.
Mckomoe paszyioxkenne naj mojieM R nmeer BuI:

(z) . -3 . —1 n r+3
)= :
4 (x+1)?2 z+1 22+zx+1

Yrobb! moyunTh passozkenne Haj mosgeMm C, mocTarodHO IpejacTaBUTh 110~
CJIeJIHIO JIpo0Ob B BUJie CyMMBbI IpocTeitmux Hal nojem C.

Paznoxxum 22 +  + 1 B npousBejieHe HEIPUBOIUMBIX MHOMKUTE/IENT
najg C. Haxonum KOpHU MHOI'OYJIEHA U IIOJIyIaeM

) B —1—iV3 —1+iv3
rr+r+1= (332) <x2)

Torna
r+3 A n B B
2 o —1-i/3 143
R e T
—1+4v/3 —1—iv/3
A 28 | (o =1p)

24+x+1
[TpupaBHuBas YUCIUTENN, UMeeM

1—1 1+
x+3(A+B)x+<A-T“/§+B-+T“/§>,

OTKY/1a

A+B =1

-

ALIZS gL g

W3 B =153

DO

_ 1
Pemas sty cucremy, momyanm A = 5 +
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Taxkum obpaszom, nckomoe pazsoxkenne Has C umeer BuI

—3 SR R CTAR D
o(r)=x+ 5 + + — —
+i/3 1-iv/3

(z+1)2 z4+1 44 i r+ =

OTBert: pazioxkenue naj R:
-3 —1 x+3

gO(x):x—F(x-l-l)z—kx—i—l—i_xQ—l—x—Fl;

pazoxxenne naj C:

+ + + .
2 1+iv/3 1-iv/3
(z+1) z+1 T+ o+ 5
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BOIIPOCDBI

K 3K3aMeHy mo Kypcy “Anarebpa m Teopusi duceyr’

1. Muo»)ecTBa ¢ ajarebpandeckKuMy OIEPAIIIMU.

2. I'pymbr.

3. Kosbiia n ux mpocreiinime cBoiicTBa.

4. Ilosie n ero npocTeiimme cBoOCTBA.

5. Onpejesienne u CBOMCTBA JAEJIMMOCTH IEJIBIX duces. Teopema o Jie-
JIEHUU C OCTATKOM.

6. Haubousbimuii obmuil 1esuresib MesibiX Yices U ero cpoiicrsa. AJro-
put™m Ekiuia. Teopema o naxoxpennn HOJL nByx 1esbIx duce.

7. Teopema o nuneitnom Beiparkernn HO/ aByx mesbix ducer.

8. BzanmMHO npocThle 4mciia U UX CBOMCTBA.

9. IIpocTeie uncaa 1 UX CBONCTBA.

10. OcnoBnast Teopema apudmernkn. KaHOHIYECKOe pa3/IoyKeHne Ha-
TYpaJbHOTO YUCIA.

11. Haumenbiee obiiee KparHoe ne/bix duces. Popmysta casasu HO /I
n HOK asyx uamcesn. Haxoxxnenne HO nu HOK ¢ nomoiibio KaHOHIIECKOIO
Pa3JI0yKeHns IIce.

12. CpaBHeHust n UX CBOCTBA.

13. Kosb110 Kj1accoB BBIYETOB.

14. VcnoBue cymiecTBOBaHUS 0OPATHOrO 3JEMEHTa B KOJIbIE KJIACCOB
BbeIYeTOB. [lose KaccoB BbHIUETOB.

15. @yuknusa ditjepa u ee CBOWCTBA U BbIYUCJICHIE.

16. Teopema Ditnepa u Teopema Pepma 0 CpaBHEHUSIX.

17. ITocTpoenne 1oJ1s1 KOMIIJIEKCHBIX YHCE.

18. KoMmIiuzekcHble dnc/ia B ajaredpandeckoii popme.

19. Tpuronomerpuieckasi (popmMa KOMILJICKCHOIO YUC/Ia. Y MHOYKEHUE 1
JleJIeHue.

20. @opmyna Myaspa.

21. NI3Bneuenne KopHs n-ii cTEleHN U3 KOMILIEKCHOI'O YHUC/IA.

22. I'pyniia KopHeit n-if cTelenn u3 eJINHUTIDI.

23. Marpunpr n geficrBuga naj numu. [losHoe maTpwdnoe KOJBIIO.
TpancrnonnpoBatne MaTPUIIH.

24. DyemenTapHble IIpeodpas3oBaHusa CTPOK MaTpuilbl. CTyneHdaTas
MaTPHIIA.

25. [lepecTtanoBka. YMHOKeHIe IlepecTaHOBOK. CuMMeTprdecKast Ipyli-
1a CTeneHu n.
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26. Hukiwr. Tpancrnosunus. PazjioxKeHnne rnmepecTaHOBKE B IIPOU3BE/Ie-
HUE TPAHCIO3UINI. 3HAK TePeCTaHOBKH.

27. 3HaK eIMHUYIHOI IIepecTaHOBKH. TeopeMa O 3HaKe IIPOU3BEeHIUSI
1ePeCTAaHOBOK.

28. Teopema o 3Hake TpaHcuosunuu. [IpakTmdaecknii crrocod BbIUUCIIE-
HIs 3HaKa [1epPEeCTAHOBKI.

29. 3nakorepeMentas rpyIia CTeleHu n.

30. Oupejgenurenb, ero mnpocteiine cBoiicTBa. Opene/nTe/n MaabiX
MIOPSTKOB.

31. CpoiicTBa onpejeaureeii.

32. KiteTounble MaTpuiibl 1 UX BbIYUCJICHUE.

33. Teopema 006 ompejieuTee MPON3BEIEHIS MATPUII.

34. Munopsl un ajrebpandecKkue J0I0aHEeHNs. Bbluncienue omnpeein-
TesId pa3JioyKeHneM 0 3/IeMeHTaM CTPOKN MJIA CTOJIOIA.

35. ObpaTHas MaTpuiia, €e CBOICTBa 1 BbIYUC/ICHUE.

36. My/ibTurimkaTuBHas TPYIIIa HEBBIPOZKIEHHBIX MATPUIL ITOPSIKa N
HaJT TTOJIEM.

37. Cucrembl TUHEHHBIX ypaBHEeHNIT: OcHOBHBIE HoHsiTHA. Meron ['aycca
pelIeHus CUcTeM JIMHEeHHbIX YpaBHeHNI.

38. TlpaBuno Kpamepa n MaTpuvHbIii METOM, PelleHns CUCTeM JInHel-
HBbIX YPaBHEHUII.

39. Panr MaTpuIisl u ero BbIYHUC/IEHHE.

40. Kpurepuii cOBMECTHOCTH CHCTEMbI JIMHEHHBIX ypaBHeHunii. OHo-
pPOJIHbIE CUCTEMBbI JIMHEHHBIX YPaBHEHUII.

41. ITocTpoenne KojIbIla MHOTOUJIEHOB.

42. Ilepexos K oObIUHOI (opme 3ammcu MHOro4IeHoB. [leiicTBus Ha
MuoroujeHaMmu. CBoficTBa cTereHei.

43. demamoctb MHOro4IeHOB. CBoiicTBa jiesimmoctu. Teopema o jete-
HUU C OCTATKOM.

44. Hanbospimmii oOIuUil J1eJIUTe/lb MHOIOYJIEHOB, €ro HeoJHO3HaY-
HocTh. Asnroputm EBkina.

45. Boruncienne HO/I 1ByX MHOIOYJIEHOB € IIOMOIIBIO ajropurma Es-
kianja. JInaeiinoe Beipaxkenne HO/I 1Byx MHOrO4/IeHOB Yepe3 NCXOJHbIE MHO-
TOYJIEHBI.

46. BzanMHO TPOCThIe MHOTOUJIEHBI U UX CBOICTBA.

47. HenmpuBoamMble MHOIOYIEHBI I X CBOIICTBA.

48. AHaJior OCHOBHOI TeopeMbl apUMMETHKH.

49. Yuurapuble MHOTOYJIEHbl. KpaTHble HeNpUBOAMMbIE MHOXKHUTEH
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MHOTOWIeHa. Kanonndeckoe pasjoxkeHne MHorowieHa n Boruncienne HO/I
MHOT'OYJIEHOB € €70 TIOMOIIBIO.

50. IIpousBognass maorowieHa. [loanm:xenne KpaTHOCTU HEITPUBOIIMO-
o MHOXKHUTEJISI B IIpOU3BOAHONI MHOrodieHa. Teopema o HO/ mHorowiena u
€r0 IIPOU3BO/IHOI.

51. Kopun muorowiena. Teopema be3y.

52. Kparnble KopaI MHOTOU/IeHa. [ToHnKeHne KpaTHOCTH KOPHS B ITPO-
3BOJIHOI MHOroO4IeHa. Teopema o 4ync/ie KOpHeil HEHYJIEeBOIO MHOTOYJIEHA.

53. ®opmysbl Buera.

54. Cxema l'oprepa.

55. Muorouiensr Ha l 0JIeM KOMILJIEKCHBIX THCE.

56. MHorowieHbl HaJl 1TOJIEM JIeficTBUTEIbHBIX duces. HempuBogumbie
MHOTOYJIEHBI HAJT TTOJIEM JIeHCTBUTETbHBIX TUCE].

57. Nnrepnionsinust. PopmasibHO ajaredbpandeckuii 1 pyHKIMOHAILHBII
B3IJIsIJIbI HA MHOT'OYJICH.

58. Pammonasibibie jipobu. Ilose panmoHaJ bHbIX JTpodeii.

59. IlpaBmibHas pamuoHajibHasi JIpoOb. Pazjoxkenne MHOrodseHa B
CYMMY MHOTOYJICHA M NMPAaBUJIbHOI paruonabHoil jgpodu. Jlemma o cymme,
PA3HOCTH W IIPOU3BEJICHIH JIBYX ITPABUJIbHBIX PAIlMOHAJIBHBIX JApodeit. Kok
110 IPABUJIBHBIX PaIMOHAIBHBIX JIPOOEIl.

60. IIpocreitmast 1pods Haj mosem. lIpocreiiiue apobu Ha Il HOISIMU
JIeCTBUTEIbHBIX M KOMILJIEKCHBIX YrcesI. TeopeMa 0 pa3/ioyKeHUn PalioHa b
HOI 1poOH.

61. Jlemma 0 pasjioykKeHUN NpaBUILHOI palmoHa/JbHONI JpoOu, 3HAMe-
HaTEeb KOTOPO eCTh MMPOU3BeeHNe JIBYX B3aMMHO MPOCTHIX MHOTOYJIEHOB.

62. JleMMa 0 pasyioyKeHUN MMPaBUJILHON PaIOHAJIBLHON Apodu B CyMMY
MPABUIbHBIX PAIMOHAIBHBIX JIPo0eil, 3HaMeHATE b KayK/10# 13 KOTOPBIX €CTh
cTelleHb HEIPUBOIMMOrO Ha/l 10JIeM MHOTOU/IEHA.

63. Jlemma 0 paszjioKeHUn B CyMMY HPOCTEHNINX Jpodeil mpaBuIbHOI
panmoHaJbHON Tpobu, y KOTOPOit 3HAMEHATEb €CTh CTEIeHb HEITPUBOINMOTO
Ha/JI 110JIeM MHOT'OYJICHA.
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